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Abstract

The aim of this paper is to find the existence of solutions for the following Kirchhoff type biharmonic system
with exponential nonlinearity and singular weights

m (|lull® +[Jv]|*) A%u = [I,, * F(m’“’”)] Lleaw) in o

Jz]
m (Jull? + [[o]2) A% = [1, » D) | Les) iy g
u=0, v=0, Vu=0, Vv=0 on 0f,
where Q is a bounded domain in R* containing the origin with smooth boundary, u € (0,4), 0 < a < &,
I,(z) = W%“’ m is a Kirchhoff type function, |[u|* = [, |Au|*dz, f; behaves like ¢#* when |s| = oo for

some o > 0, and there is C' function F : R? — R such that (0F<g;u’”), aF(g;}“*”) = (fi(z,u,v), fa(z,u,v)).

We establish sufficient conditions for the solutions of the above system by using variational methods with
Adams inequality.
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1 Introduction

In this paper, we are concerned with the existence of solutions for the following biharmonic Kirchhoff system
with exponential nonlinearity and singular weights

m (Jul + oll?) A%u = [1, + FEpo] A g o

[z] [z]
m (lul® + [v]?) A% = [1,« Kgd| Lz i g (L.1)
u=0, v=0, Vu=0, Vo=0 on 0f),

where Q is a bounded domain in R* containing the origin with smooth boundary, € (0,4), 0 < o < &, and

Ilull> = [, |Au|*dz. I, is defined as I,(z) = IIV%“' m : Rt — RT is a Kirchhoff type function. F satisfies
suitable growth assumptions and f; = g—i, fo= ‘g—f.

Problems involving biharmonic equations have been studied extensively by many researchers until now. For
instance, Rani and Goyal in [1] considered the following biharmonic critical Choquard equation:

lz—y|™

u=0, Vu=0, on 02,

A= M@l g) (fy P dy ) o5, in o .

where Q is a bounded domain in RY (N > 5) with smooth boundary, 1 < ¢ < 2,0 < a < N, 2}, = 2]]\,\]:;‘
and f,g : @ — R are continuous sign-changing weight functions. They proved the existence of two nontrivial
solutions for the problem (1.2) in a suitable range of A. Specifically the readers expressing an interest in the
above part we refer to [2, 3, 4, 5, 6, 7] and the references therein for the existence and multiplicity of solutions
for biharmonic equations.

Biharmonic equations involving critical exponential nonlinearities have been also investigated recently. In fact,
let 2 be a smooth bounded domain in R", we know the classical Sobolev space embedding shows that

np
n—p
As for n = p, we say Wy"(Q) < L*(Q) for all 1 < s < oo, however L>(Q) does not hold. Later, Pohozaev[g]
and Trudinger[9] found the function ¢(t) = e!!™ ™" — 1 such that

/(;5 )dz < oo.
fll] wlhn <1

(@)~

Wy P(Q) = LP(Q) if n>p, where =

Then Moser in [10] further improved the above result and obtained the following inequality

sup / exp (ﬂ|u\'%1) dr < oo, u€ Wy™(Q), ifandonlyif < B,
Il 2.y <10

1
where 2 C R™ is a bounded domain, £, = nwn~ =T and w,, is the surface area for unit ball of R”. After that,

Adams [11] extended this result to higher order Sobolev spaces. That is, let 2 be a bounded domain in R™ and
n,m € N satisfying m < n, then for all 0 < { < (»,m and u € WS”’H(Q), it follows that

sup / exp (C|u|"fm) dz < oo,
HVmuHLL( <1J@Q
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where (. is sharp and given by

n
an/2omp(mtl) n=m .
n (237) when m is odd,

Wn_1 r(nr=—m+1
Cnym = ! Trn/2(2m,1—2\(ﬂ§ P
= - ( (== )2 > when m is even.
e nom

And the symbol V™u denotes the m'"-order gradient of u and is defined as

g VAMm=1/2y, if m is odd,
u =
A/ 2, if m is even,

where A and V denote the usual Laplacian and gradient operators respectively. With regard to the problem
(1.1) in this paper, we consider the case m = 2, n = 4, and we will use the following inequality [11]:

sup / exp (Blul?) dz < 0o, forall 0 < B <3277, Q C R
uEHg(Q),“AuHLQ(Q)Sl Q

Moreover, in the case n = 4,m = 2, we say that f(t) has critical exponential growth at infinity if there exists
Bo > 0 such that

im POV 0 foran 8> 60; and  1im SO _ o foran g < g,

[t|—oco eBt? [t|=oo eBt?

At this point, if © is a smooth bounded domain in R*, in [12], Robert and Struwe considered the biharmonic
equations involving critical exponential growth

2 2 .
A%y = due®®™ %, in Q;

Ue = 881:: =0, on 012,

where A € R. They described the asymptotics of u. as ¢ — 0, supposing that u. — 0 weakly in a suitable
space H2270(Q) when supg, ue — co. As for the whole Euclidean space R*, we refer the reader to [13, 14] for the
existence results on biharmonic equations with critical exponential nonlinearities.

Due to the nonlocal term m (||u/|* + ||v]|?), Kirchhoff problems were firstly mentioned in 1883 by Kirchhoff, see
[15], which the typical equation is known as follows

82u P() E L %
ox

P o

n tar ),

2 2
o0“u
da:> o =g,

where p is the mass density, Py is the inital tension, h is the area of cross-section, F is the Young modulus of
the material and L is the length of the string. Besides this, some problems concerning the nonlocal term are
also applied in various fields, mostly in biological and physical domains. The readers interested in these aspects
we refer to the articles [16, 17, 18, 19]. Actually new problems involved with Kirchhoff type emerged from
the above researches and authors obtained the existence results of solutions for the Kirchhoff type equations
involving critical exponential nonlinearities via variational methods. In relation to Kirchhoff problems, the
existence and multiplicity of solutions for elliptic equations inolving critical exponential nonlinearity can be
found in the literatures [20, 21] and a class of elliptic equations with a small nonhomogeneous term was studied
in the articles [22, 23, 24] in a bounded domain of R?. For biharmonic equations we refer to [25, 26] in the whole
Euclidean space R*.

Another common nonlocal problem is the Choquard nonlinear term. Later, Lii [27] studied the non-degenerate
Choquard equation with Kirchhoff function in R® and obatined the ground state solution via the method of Nehari
manifold. Meanwhile, Arora et al. in [28] established the existence of solutions for the Kirchhoff-Choquard type

10
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problem involving critical exponential nonlinearities by using the Mountain-pass theorem and the boundness
of the corresponding Palais-Smale sequence. We recall that the existence solutions for the nonlinear Choquard
N-Laplacian equation in a bounded domain of RY can be found in [28], and for the polyharmonic problem we
refer to [29, 30].

Recently, applications of system involving critical exponential nonlinearity had attracted many researchers to
join in this field. In [31], Arora et al. infered the relevant Adams-Moser inequality in W ™ (Q) x Wy ™ (Q).
And they established the existence solutions for the following Kirchhoff system by using the method of Nehari
manifold

—m ([, |Vu|"dz) Apu = (fQ F(y’u’v)dy) filz,u,v),u >0 in €

|z —y|#

—m ([, [Vo]"dz) Apv = (fQ Flyu.v) dy) fo(z,u,v),v >0 in

EiE

u=0, v=0, on 0N,

where © is a bounded domain, n > 2, 0 < pu < n, m : RY — RT is a continuous function, A,u :=
div(|Vu|""?Vu), F satisfies suitable growth assumptions and f; = 2—57 fi= %—f. Furthermore, in [23], the
authors extended to k(€ N) equations for singular Trudinger-Moser growth in  which is a smooth bounded
domain in R? containing the origin with smooth boundary. And they obtained the multiplicity of solutions of
the following elliptic Kirchhoff system

fm(Zle(fQ |Vuj|2dx))Au = W +ehi(z) in Qi=1..,k,

U = Uz = ... = ux =0, on Of),

where 8 € [0,2), m is a continuous function, f; behaves like 0" when |s| = oo for some ag > 0, and there is
C" function F : Q x R¥ — R such that (%7 e %) = (f1,-s f&), hi € ((Hg ()", [ - [I+), € is a small positive
parameter. We also refer to [21] for Kirchhoff type elliptic system involving critical exponential growth.
Motivated by the above results, in this paper, we consider the existence of solutions for the Kirchhoff type
biharmonic system (1.1). Then the Kirchhoff term is a difficulty which implies that the equation in problem (1.1)
is no longer a pointwise identity. It means that we need to overcome the lack of compactness due to Choquard
nonlinearity involving critical exponential growth as well as the Kirchhoff term. Especially important, we firstly
need to obtain the improved Adams-Trudinger inequality involving two variables.

In order to treat the system problem (1.1), now we give some definitions as follows. We introduce Hg () with
the scalar product

(u,v) = / AuAvdz
Q
for each u,v € HZ(Q). Then we denote
H; (2, R%) == H () x Hg (),

endowed with the scalar product
U, V)= / Auqg Avidz + / AuzAvadz,
Q Q

where U = (u1,u2) and V = (v1,v2), to which corresponds the norm ||U]|| = (U,U)*? = (|Ju1]|® + |luz|/*)*/?,
then H3Z(Q,R?) is well defined and also a Hilbert space. That is, for any (u,v) € HZ(Q,R?),

»

2 2 1
[[(w, )l = (luallzz ) + luallzz @) 2
where ||ull z() = (/g |Au|2dx)1/2‘ Moreover, for all 1 < p < oo we define L?(Q, R?) as

LP(Q,R?) := LP(Q) x LP(Q),

11
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where LP(Q) is the standard LP-space, we can know LP(Q,R?) is well defined and for any (u,v) € LP(Q,R?), we
define

1
)l = ( / ful?dz + / |v|”dw)”, and |(u,v)] = (Juf + [v]*) % .
Q Q

For any 1 < p < 0o, by Sobolev embedding theorem, we can know that the embedding Hg(Q, R?) < LP(Q, R?)
is compact.

Now, let us introduce the precise assumptions under what our problem is studied. For this, we define M(t) =
J5 m(s)ds, the primitive of m so that M(0) = 0. The hypotheses on Kirchhoff function m : Rt — RT are the
following;:

(m1) There exists mo > 0 such that m(t) > mo for ¢ > 0 and m(t) is non-decreasing on [0, +00);

(m2) There exists 6 > 1 such that :3(:? is non-increasing for all ¢ € (0, +00).

Remark. (1) By m(t) is nondecreasing for ¢t > 0, we have ftt1+t2 m(s)ds > fotz m(s)ds for all t1,t > 0, then it

1

holds that fotl m(s)ds + Lt11+t2 m(s)ds > fotl m(s)ds + fot2 m(s)ds, i.e. M(t1 +t2) > M(t1) + M(t2).
(2) From (ms2), we can see that

OM(t) — m(t)t >0, forallt>0. (1.3)
Indeed, for any 0 < t; < t2, we deduce that

ta
OM (t1) — m(t1)ty = OM (t2) — 0/ m(t)dt — Te(fll)ti’
t1 1
t t
<oM() - T g o) - )t
2 2

= OM (t2) — m(t2)ts.
Therefore, OM (t) — m(t)t is nondecreasing for ¢t > 0. In particular,
OM(t) —m(t)t >0 forallt>0.
(3) From (m2) we obtain
M@t)> M) for 0<t<1; M(t)< M) for t>1.
Then there exist C1,C2 > 0 such that
M(t) < Cit’ + Co,  for all t > 0. (1.4)

Moreover, by (m2), for t1,t2 > 0 one has

t1+to t1 t1+1t2
M(t1 +t2) = / m(s)ds = / m(s)ds —|—/ m(s)ds
0 0

t1

to " to
= M(t1) +/ m(t1 + s)ds < M(t1) + 7::9(_11) / (tr + )" Lds
0 1 0

(1 + ﬁ)e - 1] . (1.5)

t971

tlm(tl)

= M(t:1) + 0

Remark. A typical example of a function m satisfying the conditions (m1) — (mz) is given by m(t) = mo+a
with # > 1 and a > 0.

Throughout this paper, we assume f;: Q x R? — R for ¢ = 1,2 are continuous functions satisfying the following
conditions:

12
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(f1) fi(z,t,s) =0 when either t <0 or s <0 and fi(z,t,s) >0 whent,s >0 forall x € Q and i =1, 2.
(f2) Fori=1,2, f; has critical exponential growth at infinity, that is, there exists 8o > 0 such that

[fila,t,5)] _ {0, VB > Bo;

1m
[(t,5)| =400 eBl(t:9)I?

400, VB < fBo.
(fs) There exists I > 0 such that the maps u %, v = % are increasing functions of ¢ and s

respectively.

(fa) There exist ¢ € (0,1],a0,bo, Mo > 0 such that 0 < [t|7F(x,t,s) < Mofi(z,t,s) for all |t| > ao and
0 < |s|7F(z,t,s) < Mo fa(x,t,s) for all |s| > bo uniformly in z € Q.

(fs) There exists r > 0 such that lim¢ s)—(0,0) \WH |l =0 holds for i = 1, 2.
(fs) There exists x such that

1
21(44+p—2a)—8 A2 (4 —2a 2
)Pt [ 2 () )
oL T Bo(tP ISP a B2C, dn—2a

. . 47t
Uniformly in & € €, where C,, = u(#+1)(ui2)(u+3)(u+4)’

containing the origin contained in

and 2d is the radius of the largest open ball

Remark. By (f3), for any 1 < p <, it holds that tfi(z,t,s) — pF(z,t,s) > 0, sf2(z,t,s) — pF(z,t,s) > 0, for
all (2,t,s) € Q x R%

In fact, for any 1 < p <, from (f3) we have %

s> 0and 0 < t1 < t2 be fixed, then it holds that
fi(=, t2, 5)

th!

is increasing functions of ¢ > 0 uniformly of s > 0. Let

b fi(m b, 5) — pF(3, t1,5) < B — pF(,t2,5) +p / fi(,t, s)dt.

On the other hand,
t2
/ fi(a,t,s)dt < plt(T2t2s) (f 2,8 )/ wtdp = D@28 gy
t1

p—
2 t2

From the above inequalities, we derive that
tifi(@,tr,s) = pF(z, t1,8) < tafi(z,t2,s) — pF(x, 2, 5).

Then we obtain tfi(x,t,s) — pF(x,t,s) > 0 for all (z,t,s) € Q x R?. Similarly, we also obtain sfa(z,t,s) —
pF(x,t,s) > 0 for all (z,t,5) € Q x R2.

Remark. Here in [31], the condition for the estimate on energy level is as follows

lim (fl(xvtvs)t+f2(x7t:5)5) F(x,t, S)
fomroe exp(q([t["=T +[s["=T))

=oo uniformly in z€Q, (1.6)

for some ¢ > 2. For a single equation, we know if the condition for the estimation method is

lim inf f(ac t) > K >0,
t— o0 e
then we obtain .
ds
lim inf 7tF(x t) > lmlnf 7% Sf(m;S) = lim inf 7]0(:6 t)Z
t— o0 eBO —00 eBot t— 00 Qﬂoeﬁot

13
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It means that we can derive tF'(z,t) > %eﬁUtQ when f(z,t) > (K — 6)650t2 for ¢ large enough and € > 0 small
enough. In view of the above results, we found that

2
lim inf @ )F(@,t) t)FQ(m’ t K—
t— o0 eQﬁOt 2ﬁ0

Then according to the above analysis, for the system (1.1) we know (fs) is weaker than (1.6).

Theorem 1.1. Suppose that m satisfies (m1) — (m2), f satisfies (f1) — (f6). Then (1.1) has a ground state
solution (u,v) € N such that ®(u,v) = b:= infx P, where

N ={(u,v) € HS(Q,RQ)\{(O,O)} (D' (u, ), (u,v)) = 0}. (1.7)

The remainder of this paper is organized as follows. We prove the Adams inequality and the version of Lion’s
Lemma in the Sobolev spaces, namely HZ(€2,R?) in Section 2. In Section 3, we give the energy functional
and prove that the system (1.1) satisfies the geometric conditions of the Mountain-pass theorem and the
corresponding Palais-Smale sequence is bounded. In this article, we denote that C,C;,c; are some positive
constants.

2 Preliminaries and Auxiliary Results

In this section, we introduce some famous inequalities as follows, and inspired by these we conclude some similar
forms of inequalities and give some preliminaries.

Lemma 2.1. ([11]) For each u € H3(Q), Q C R* is a bounded domain, then for any 8 > 0,

/ exp (,B\u|2) dx < oo.
Q

Moreover, we have

sup / exp (,6’|u|2) dr < oo, provided B < 32r°.
Q

flull <1

Lemma 2.2. For each (u,v) € H3(Q,R?), Q C R* is a bounded domain, then for any 8 > 0,

/Qexp (B (lul® + [v[*)) dz < oo.

Moreover, we have

sup / exp (,8 (|u|2 + |v\2)) dx < 0o, provided B < 32r°.
[I(w,v)[[=1J©

Proof. From Lemma 2.1 and Young’s inequality, for each (u,v) € Hg(€,R?), and for any 8 > 0, we obtain

2 2 2 2 2 2
/eﬂ(‘“l Hol?) g = / Pl Pl gy < / e2P1ul da:-i—/ eI de < 0.
Q Q Q Q

Now for any (u,v) € HE (9, R?) satistying ||(u,v)|| = 1, then |ul|?, |v||* < 1. Let 1 = |jul|?,72 = ||v]|?, then we
know 71 + ro = 1. Hence by using Hoélder inequality and Lemma 2.1 we obtain

/eﬁ(lu\2+\v\2)dx < (/ emu‘Q/Tlda;)rl </ 65|v|2/rzd$>r2 <c
Q Q Q

thus the proof is completed. O

14
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Lemma 2.3. Let {(un,vs)} be a sequence in Hg(Q R?) satisfying || (un,vn)|| = 1 such that (un,vn) — (u,v) # 0

weakly in HE(Q,R?). Then for any 0 < B < we have

2
1- H(uv)l\2’
sup/ exp (B (\un\z + \vn|2)) dx < oo.
neNJQ

Proof. For (un,vn) = (u,v) # 0 in HZ(Q,R?) satisfying ||(un,vn)| = 1, it is easy to see that

lim ||(4n —u,vn — v)||2 = lim (1 — 2(un,u) — 2(vn,v) + ||(u,v)||2) =1-|(u, U)H < 32—7T (2.1)

n—00 n— 00 /B

and
up < (un —u)® + eup + Ceul®, (2.2)

for € small enough, where C¢ is a positive constant related to e. Then by using (2.2) we have

/eﬁ(‘un‘2+‘vn|2)d‘r§/eﬁ((un*u>2+<'b’n*v)2)eﬁf(uiﬁF’U%)eBCe("A?Jﬁ’U?)dx.
Q Q

Now we take r1, 72,73 > 1 such that % + % + % = 1, and by using Holder inequality we obtain

2 2 2 2 1/r1 5 5 1/7r2
/eﬁ(mm Honl®) g < (/ 71 ((n =)+ (0n—v) )dx> (/ eeﬁrz(un-&-vn)dx)
Q Q Q
1/rg
X (/ eBC€T3(”2+”2)dx) .
Q

Using Lemma 2.2, then we can choose € small enough such that
/ ePr2(i ) ge < O, / PCers (W ?) gy < 0,
Q Q

Moreover, we choose r; > 1 close to 1 such that 71 ||(un — u, v, — v)||*> < 3272, then according to (2.1) and
Lemma 2.2 we obtain

/Qexp (,373 ((un —u)? + (v, — U)2>)dz
= e [ﬁ” <<|<un =) (e —Ullf—vn)z) I = ‘”)'Q] "

< C,

then we obtain [, exp (8 (|un|” + |vn|®)) dz is bounded, and this lemma is proved. O

Lemma 2.4. For any (u,v) € H3(Q,R?), if B> 0,s > 0 satisfying ||(u,v)|| < M such that BM? < 327, then
there exists C = C(8, M, s) > 0 such that

[(u, )71 d < Ol (u, ) .
Q

Proof. For each (u,v) € HO (92, R?) satisfying ||(u,v)|| < M, we choose r > 1 close to 1 such that r8M? < 327>
and sq > 1, where ¢ = %;. By using Holder inequality and Lemma 2.2, we obtain

1/r
s _of(u,w)|? rB|(u,v)|? s s
[ e ”ms(/eW ”m) )l < Cllew, ).
Q Q

Since sq > 1, using the continuous embedding HZ (€2, R?) — L9°(Q, R?), we finish the proof. O

Proposition 2.5. ([32]) Lett,r >1 and 0 < p < N withm,n >0, + + 222452 4 L —2 4 m4n < N. Then
there exists a constant C(m,n,t, pu,r ) > 0 which is dependent of f € L'(RN),h € L’"(RN) such that

 f@hly)
dedy < C(m,n,t, )| fll Loy |2 Lr @y
/uw /RN va—yl“lyl’”\ B LT

15
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3 The Variational Framework and the Minimax Estimate

We now consider the energy functional ®(u,v) given by

1

®(u,v) = %M (1w, 0)[12) — 5/9 [1# . dz. 3.1)

F(z,u, v)} F(z,u,v)

Lemma 3.1. Assume that (f2) and (f3) hold, then we have that ®(u,v) is well defined on Hg(Q,R?). Moreover,

(@ (u,0), (6, )) = m (|, o)1) (/Q Aqubd:c—i—/QAvAz/)dx)
[ e Flen) Giorio i,
Q

[

(3.2)

for any (¢,¢) € H3 (2, R?).

Proof. For (u,v) € H3(Q,R?), we know f; has critical exponential growth, then by (f2) we choose 8 > S and
there exists C; > 0 such that

| fi(z,u,v)] < C’lem(u’v”Q7 for all (z,u,v) € Q x R i =1,2. (3.3)
Moreover, by (f3), given € > 0 there exist C2,C5 > 0 and § > 0 such that
filz,u,v) < Colul|, fa(z,u,,v) < Cslv| always that |u|,|v| < 0. (3.4)
Then combing (3.3) and (3.4), we have
| (@, u,0)] < Cal (u, 0)[” 0 4 C5(u, )2, (3.5)

for all (u,v) € HE (2, R?). Now using (3.5) and Proposition 2.5 with N =4, t = r = 4+;+2a and m =n = q,
we obtain

/Q [Iﬂ* F(x,u’, v)] Fla,uv)

< C(p, )| F(z,u, U)H%HH{

< Ol [ [ 0 + 0 e (30, 00) 55

According to Lemma 2.4 and the continuous embedding HZ(Q,R?) — L*(Q,R?) with s > 1, we know ®(u, v)
is well defined, and we can see ® € C*(H3 (92, R?),R). O

From Lemma 3.1, we have that critical points of the functional ® are precisely weak solutions of problem (1.1).
Then we will verify that the functional ® satisfies the conditions of Mountain-pass theorem.

Lemma 3.2. Under the assumptions (m1), (mz) and (f1).

(i) there exists Ro, T > 0 such that ®(u,v) =Y for any (u,v) € HZ(Q,R?) satisfying ||(u,v)| = Ro.
(i1) there exists o (U,0) € HZ(Q,R?) with ||(¥,7)|| > Ro such that ®(u,?) < 0.

16
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Proof. Let (u,v) € H3(,R?) such that ||(u,v)|| = Ro. Similarly, taking Proposition 2.5 with N = 4, t = r =
and m = n = «, by (3.5) and Holder inequality we obtain

/ {Iu* F(w,u,v)] F(z,u,v)dw
Q || ||

< Clu Q)| F(z,u,0)[%_s

44p—2a

ITn—2a
2 44p—2a
4
<) [ [ fw oo+ [ )75 e ($H00)
16 32 %
<] [ Jwoemds s | [ o) weal
Q Q
4fp—2a
R R ACROA W  U
X / exp ’ ( : ) dx
o 44 p—2a \[|(u,v)
Now we choose suitable Ry > 0 such that 416532’& < 3272, then by using Sobolev imbedding and Lemma 2.2
we have iins
F F 16 16 Srp—cso
[ [ Ee] Eeteae < o) (w7785 4w o) 525)
Q || ||
< Clp, @)l (w,v)]"
Then for any ||(u,v)|| = Ro < 4/ W, by (m1) we know
m
2(w,) > "2, )2 — Ol ) )]
So we choose ||(u,v)|| = Ro small enough so that ®(u,v) > Y for some T > 0 and hence (i) follows.

Now we choose ¢ € R such that § < ¢ < [ in Remark 1, then we obtain tfi(z,t,s) — ¢F(z,t,s) > 0 and
sfa(x,t,8) — qF (x,t,s) > 0 for all (z,t,s) € Q x R% So we obtain

F(z,u,v) > c1|u|? —c2, F(z,u,v) > cslv|? — ca,
thus we conclude that
F(z,u,v) > c1lul? + cav|? —¢s, for all (z,u,v) € Q x R%. (3.6)
Then using (3.6) it follows that
/ {Iu . F(z, tu, tv)] F(z,tu,tv) dr > / / (c1ltul? + c3ltv|? — 04)2dmdy
o || || alo  lzl*lylole —ylm

> Ceth — C7tq + cs.

By using (1.4) we have M (t) < C1t? 4+ Ca, then using (3.1) we obtain
O (tu, tv) < cot?® — 10t + c11t? — cia.

Since ¢ > 0 we obtain ®(tu,tv) — —oo as t — co. Then there exists (U,?) = (tou,tov) € HZ(Q,R?) with to
large enough such that ||(@,?)|| > Ro and ®(u,v) < 0, hence (i) holds. O

Then according to Lemma 3.2, we know ®(u, v) satisfies the geometric conditions of the Mountain-pass theorem,
let

¢ = inf max ®(y(t)) >0 (3.7

~€T te[0,1]

17
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be the minimax level of ®, where
I = {y € C([0,1], H3 (2, R?)) : 7(0) = 0, 2((1)) < 0}.
Then there exists a Palais-Smale sequence {(un,vn)} C HE (9, R?) satisfying
B (un,vn) =, B (un,vn) =0, (3.8)
as n — oo.

Lemma 3.3. Assume that (f3) and (m1) hold, then every Palais-Smale sequence of ® is bounded in Hg (9, R?).

Proof. Let {(un,vn)} be a Palais-Smale sequence of ® for ¢* € R in HZ(Q, R?), then it follows that
& (un,vn) = ¢, ' (un,vn) =0 as n— oco.

Therefore we have

1 1 F(x,un,vn) | F(x,un,vn "
D (un,vn) = oM (Il (un, va) I7) = 5/9 {I“ A |a] )] : || Jag = ¢ + On, (3.9)

where 6, — 0 as n — oo, and

(' (), (6, 8)) = m ([ (e 0a)[2) / (AunAé + AvaAg) da
_/ {]H* F(fc’umvn)} Fi(@, un, vn) ¢+ Fo@, un, va)¥ (3.10)

|

< enll(d, )],
for all (¢,4) € H3(Q,R?). By Remark 1, we obtain that
IF(z,t,s) < ufi(z,t,s), and [F(z,t,s) < vfa(z,t,s) for all (x,t,s) € Q X R?. (3.11)

Then by (1.3), (3.9), (3.10), (3.11) and (m.), for large n we have

* 1
c + 6"“(””7””)” Z @(un,vn) - *<<I>/(’U,n,’l}n)7 (u'ruvn))

41
1 2 1 2 2 1 F(xvunﬂ)n) F(m,umvn)
=-M ny, Un - = ny Un ny Un - = 1
3 (1, 0) 1) = o (1,0 1P) Ml = 5 [ [10 EE 2 L) gy
+ l/ |:]H % F(xaumvn):| f1(2, un, vn)un +f2(x7umvn)vndm
4l Jq || ||
1 1
> oM (Il v0) %) = o™ (I (et ) 11%) [l (2t 00) 2
_|_ l/ |:I//4 * F(x,un,vn):| f1(ZC,’LLn,'Un)Un +f2($,un,’l)n)’l)n — 2lF(x7Un,vn)d1:
4l Jq || ||
S 1 oM 2 2 2
Z 55 [OM (|| (wn, va) 1) =m0 ([l (uns ) [I7) | (s va) 7]
(a5 = 2 ) m (I w)[12) i, )
20 4l e mon
11 )
> an a1 ny Un )
> (55~ 1) mollun, )]
thus we know {(un,vn)} is bounded in H3(Q,R?) with I > 6. O
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Now we give a precise estimation about the Mountain pass level ¢* defined by (3.7). Inspired by [33] and [14],
we give the definite Adams functions ¢, (z) supported in B2q(0) C € as follows.

Inn n> 2
872 " 52/3272 lnn| | 3271-12 Inn’ for |$| S
~ In(d/|z|) d
bn(z) = { VerZmn’ for 53 <=l (3.12)
(), for d < |z| < 2d;
0, for |z| > 2d,
where n,(z) = —m(m —d)® + m(hﬂ —d)? - m(m — d) and d was given in (fs).

Moreover, n, () is a radial function on annulus Baq \ Bg satisfying the boundary condition
Onn(x) 4
n (T = 07 A, e
n(@loz, v PP = T st
and B ()
Mn (T
M (2)]6B,, = 0, 7‘332(1 =0.

Then straightforward calculations show that

21

T2
lonll” =1+ g7 —- (3.13)
Now we set ~
ula) = 222,
l[énll
then it follows that
6l = 1. (3.14)

Motivated by [20], we have the following lemma:
Lemma 3.4. Assume that (m1), (m2) and (f1) — (fé) hold. Then there exists m € N such that

cx < Ig)g(@ (?téﬁ(ﬂ:), ?t%(m)) < %M (W) . (3.15)

Proof. By a straight estimation, we have

/ %dy/ e = d4+“_2°‘/ %dy/ T
sy, W7 [, Talo e — g o W7 s, Talolw =y
—2a
1 1
> dttee () / da / ey
n Bi/n Bi/n |z =yl
—2a
> gittrme (1> / da / 7i_ dz
n Bi/n Bi/n |z |4
—2a
> d4+ﬂf2o¢ (> / de/
Bi/n By n—|z| |Z|4 H
= gitr—2e () 47r ( — r> ridr
n ©woJo \n

_ 247 (d)4+“ 2
plp+1)(p+2)(p+3)(p+4) \n '

19
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Briefly, we deduce

44+p—2a
/ idy/ %d;@@ (é) , (3.16)
sy, WY L, Talole =g n

where C), = 247 . According to the Remark 1 and (fs), we know

p(p+1)(p+2) (p+3) (p+4)
([ [s)F (s, t s)
lim inf <= )

>k, forany x € Q,
where

1
Am2 (44 p—20)e T (i‘**(w-?@) :

N Bo
k ﬁgcud‘“‘”_m

in (fs), we choose € > 0 such that

K —¢)? S 4772(4+M—2a)ew A (4 + p — 2a) (3.17)
m .
(14¢)? B2C, d*+r—2ce Bo
and ,
4m®(44p—2
21(4 + 1 — 2q) O 4m2(1+e)? (4 + pu — 2a)m (7( ﬁf O‘)) 1_e 318)
< . .
3 " (k — £)2B3C, d*Fn—2a T+e (
Using (fs), we know that there exists t. > 0 such that
(1] + [t2) F (2, b1, t2) > (5 — )™ 2Py e Q) ], [ta] > te. (3.19)

Ther are four possible cases as follows. From now on, in the sequel, all inequalities hold for large n € N.

Case i)t € { 0, \/2”2(42;75_%‘) } Then it follows that

V2, V2, Lo F(x, Rthn, Lton) | Flz, Pton, Yton)
(7t¢n77 ¢n) 2 (t H(ZSHH ) /Q IM* 2 |x|°‘ . . |x|o¢ 2 dx
1 2m? (4 + p — 2a)>
= 2M< Bo ’

Clearly, there exists @ € N such that (3.15) holds.
Case ii) t € { \/2”2“;;‘72“) , \/4"2“;0”720‘) } Then gt(bn(l‘) > te for € By, (0) and for large n € N, from
(f6), (3.12), (3.16) and (3.19), it follows that

Q

al°
S F (o, Lton (@), Lt () F(y, Fton(y), Fton(y))
- Ba/n Bd/

||

dx

1, *

dxd
2] — y[* B

(k—e)? Bt 67 (v)+Bot> ¢7, ()
Z o dzdy
Bd/n Bayn n(@)Pn(y)lz]*|z —y|*=#]y|

 Bok—e)? K —e)? ePot®é7 (@) +Bot> 7, (v)
> s o dzdy
8n2(d+p—2a) Jp,, Jp,,, ¢n(@)on()lz|*lz —y[*=Hlyl

AC,Bol|n)* (k= £)*d* > Inn o@7216a 1) B0t nn
7 (44 p—2a) (4(Inn)2 + 4lnn + 1) natr—22

(3.20)
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Then from (3.1), (3.14) and (3.20), it holds that

V2. V2 1 o ion 1 F(z, Lton, Litn) | Flz, Ltpn, Lten)
O — ny, —LtPn | = —M n — I > 2 > 2 L) )
(100 G0 ) = 32 (Pllonl®) - 5 [ |10 220 et g,
<tme) - 20, Bollonl|* (5 — )°d* ™22 0 4n?3,12) por? 1nn
=2 (44 p—2a)(4(Inn)? + 4lnn + 1) nttpr—2e
=: (). (3.21)
Let t,, > 0 such that ¢, (t,) = 0, thus
m(tz) _ C#ﬂg(ﬁ — 5)2d4+u—2a(ln n)2 e(4ﬂ2\\¢7n\|2)7150ti mn (3.22)
" w24+ p—2a) (4(lnn)2 + 4lnn + 1) nttr—2a
Then by using (3.22) we obtain
2 p—
nli—>n<>lo — W_ (3.23)
Set
Ar2(1+ ) (4 + p — 2a)m (M)
A=1In % (3.24)
= CoBR(r — epdine | |
Then (3.17) and (3.18) show that
(1+€)max{w +A,0}7(176)<0. (3.25)
From (3.22), (3.23) and (3.24), we have
2 A (4 + p — 204)||<J~5n“2 1+ In ((4 + p— 2a)7*m(t2) (4(lnn)2 +4Inn + 1))
" Bo 44+ p—2a)lnn
In((Inn)?) + In (CuBo(k — g)>d* T+ 2%)
4+ p—2a)lnn
Ar?(4 4+ p—2a)  4nPA 21(4 + p — 2a)m? ( 1 >
< + +0 3.26
Bo Bolnn 280 Inn (In n)2 ( )
and
1oy 2006 m(tn)
n(t) < pnl(tn) = M) — —————, > 0. 2
on(®) < on(ta) = g 1(ed) - 2 5 g (3.27)

By (1.5) in Remark 1, we know
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Then using (m1), (1.5), (3.23), (3.26) and (3.27), we obtain

2% n | *m(t)

1

2 _ 2 _ 2
glM{ZLTr (44 20z)+47rA 21(4+ p — 2a)w +O( 1 2)}
2 ﬁo ﬁo Inn Zﬁo Inn (ln n)
2 472 (44p—20)
Bolnn
<1M An? (4 + p — 2a) (l—l—s)max{w—&-A,O}—(l—e)
2 Bo N Bolnn
2 p—
x 2m%m (M) +0 ( ! 2) . (3.28)
Bo (Inn)

Hence, combining (3.21) with (3.28), one has

NG) \[ <1M An(4 4 p — 2a) (1+€)max{W+A,0}f(lf€)
o (Feon Fron) < ot (R )+ Bolnn

capt (LY (1Y

Clearly, in this case, the above estimate implies that there exists 7 large enough such that (3.15) holds.

Caseiii) t € { \/4”2(4-"”_2&) An?(dtp—2a) (14¢) } . Then gtdm(a:) > t. for & € Bqy,(0) and for large n € N,

Bo ’ Bo
from (fs), (3.12), (3.16) and (3.19), the process is similar to case ii, we delete it.

Case iv) t € <\/M(l —l—a),—i—oo). Then %wn(x) >t for x € By, (0) and for large n € N, from
(3.1), (3.12), (3.14), (3.16) and (3.19), it follows that

(iwmiwn)
F(z, Ltn, Lte,) | Flo, Ltdn, Ltpn

= IMPlal?) 5 [ |1 BT 0 | TE T O 510,

2 2 Ja || ||
< lM(t2)— 8Cum” | ¢nl*(v —)*d™ **Inn (A2 18nl1*) 7 B0t Inn

2 (4(Inn)? +41lnn + 1) t2ntte- 20 €

~ (8elnn—21)(4+p—2a)lnn
1y (A= 20)(110)\ | 208 nlldu|P(s — e)?at e T R A
=2 Bo (4+p—2a)(1+¢)(4(Inn)2+4lnn+ 1)
2

- 1M<47r (4+,uf2a)>7

3 Bo

then there exists 7 € N such that (3.15) holds. In the above derivation process, we use the fact that the function

1 2\ _ 8Cu7" Hd’n“ (k—¢) 2gitr—2ap (47\'2H¢"H )_ ﬁot Inn . \/4#2(44*#72@)
M) (4(nn)?+4Inn+1)2ndti—2a is decreasing on ¢ € Bo (1 +e),+o0),

since its stagnation points tend to 4/ ‘“2(‘1;’;%%‘) as n — oo. O

4 The proof of Theorem 1.1

In this section, we will give the proof of Theorem 1.1.
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Lemma 4.1. Assume that (m2) and (f3) hold, then ¢ < b, where b = infxr ® in (1.7).

Proof. For each (u,v) € N, then it follows that (®'(u,v),(u,v)) = 0. Now we define the continuous map
g : (0,+00) — R such that g(t) = ®(tu,tv). By using (3.2) we have

F(m,tu,tv)} fi(z, tu, tv)u + fo(z, tu, tv)vdx

/ 2 2
g (t) =m(||(tu,tv U,V t—/ [I *

(6 =m (1w, 00)|) )Pt = [ (1w S e
for all ¢t € (0,400) and

g'(t) =g'(t) = 7P (u,0), (u,v))
— (It )11) 1t )2 — 22 (1, )12 1, )]
201 . F(z,u,v)]| fi(z,u,v)u+ fo(z,u,v)v .
+t /ﬂ {IM ] d

|| ||

/ [I# . F(m,tu,tv)} fi(z, tu, tv)u + fo(z, tu, tv)vdw
Q

||

_ o [ m (G t0)]F) m ||<u,v>|2)} w2
t [(H(tu,tv)m“ (itw, oy | U 21)
4201 {/ [Iu . F(m,u,v)} fl(x,u,v)qufz(:v,u,v)vdx

B ||
_t%/ {Iu . F(xlifi tv)} fi(z, tu, tv)tz?;‘—afg(x,tu,tv)tv dm}.

From Remark 1, we choose p = 6 < [, then we derive that
tfi(z,t,s) — OF(z,t,8) >0, sfa(z,t,s)—0F(z,t,s) >0,
for all (x,t,s) € Q x R?, along with (f3) which shows that

F(z, tu, tv)

t— )

is nondecreasing for ¢ > 0. (4.1)

Then for 0 <t < 1, z € Q from (f3) and (4.1) , we obtain

) > 201 (m (I, t))?)  m (I, v)]?) ) (1))’

(I tu, t) 12" (I, 0)2)°

4201 {/ {I# . F(%“a”)} <f1(3c,u,v)u - fl(xvtuvtv)tu) i
Q

[ u? (tu)’

. /Q [IM* F(:c,u,v)] ( folz,u0)o fg(x,tu,tv)tv> g dm}

|| vf (tv)?

= 0.

This shows that ¢’(t) > 0 for 0 < ¢ < 1 and ¢'(¢t) < 0 for t > 1. So we obtain g(1) = max¢>o ®(tu, tv), thus
®(u,v) = max;>o P(tu, tv). Now we define h : [0,1] — H3(Q,R?) as h(t) = (tou, tov)t where to > 1 is such that
®(tou,tov) < 0. So, h € I' which implies that

* < < = .
c* < tlgl[g:)i] d(h(t)) < max D (tu, tv) = ®(u,v)

Since (u,v) € N is arbitrary, we get ¢* < b. O
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Lemma 4.2. Assume that (f1) holds and let {(un,v,)} € H3(Q, R?) be a Palais-Smale sequence for @, i.e.
D (un,vn) = @ (un,vn) =0 as n — oco.

Then there exists (u,v) € Ha(Q, R?) such that, up to subaequence, (un,vn) — (u,v) weakly in Ha(Q,R?),

/Q {IM . F(m,un,vn)] fiyunyon) {1# , Fla,u, v)] file,wo) (42)

|] || Q

for all p € C§°(Q) and i = 1,2, and
/ {Iu* F(:mumvn)} F(z,un,vn) de %/ [ (z,u, v)} F(m,u,v)dx.
Q

Proof. Similar to [31, Lemma 3.3], so we delete the proof. O

Now we are ready to give the proof of our main result.

Proof of Theorem 1.1. Let {(un,v,)} be a Palais Smale sequence at the Mountain pass level ¢*. By using
Lemma 3.3, we know {(un,v,)} is bounded, then there exists u,v € HZ() such that, up to subsequence,
Up, — U, v, — v weakly in Hg(Q) as n — 0o. Next we will make some claims as follows.

Claim 1: u,v # 0.

If u =0 or v =0, by using Lemma 4.2 we obtain

/ |:I * F(ZU,’LLH,’UTL) F(x,un,vn)
Q

dr —0 asn— oo. (4.3)
|| ||

*

From (3.9) and (4.3) we know limy,—eo @(un,vn) = %limnHwM(H(un,vn)HQ) = ¢*. Now from (3.15) and
m(t) > 0 for ¢t > 0 which implies M(t) is strictly increasing we obtain
472 (44 p — 20)

Bo ’

for n large enough, and this shows that sup,, fﬂ(fi(un,vn))qu < +oo for some q > ﬁ, i = 1,2. Besides
this, from Lemma 2.2, Proposition 2.5, (3.2) and Vitali’s convergence theorem we derive that

It va)I* <

F ny vn ) ny Un n bl ny Un n
/{I * (@, tn, 0n) | f1(@, tn, Un)tn + f2(2, tn, vn)v dr —0 asn— oo.
Q

|| ||
Then from (3.8), we know lim,— 0 (®'(tn, vn), (Un,vn)) = 0, hence we obtain

tim m (|| (un, va)l|*) [|(un, va)||* = 0.

n—00

From (f1), we know it is obvious that lim,—eo || (tn, vs)||* = 0. Then (3.9) and (4.3) show that c¢* = lim,— co ®(tn, vn) =
0, which contradicts ¢* > 0. Hence we claim that u,v # 0, now we assume that ||(un,vn)||*> — 0% as n — 0.
From Lemma 4.2 we obtain

/ |:I# " F(%un,vn)} fl(x,unavn)gb'i_f2(xvunavn)wdx
Q

4 ||
_>/ |:IM* F(I,U,U):| fl(m,u7v)¢+f2($,u,v)¢dm, as n — 0o,
|| ]
and
m(aQ)/ﬂ(Aquﬁ—&-AvAlﬂ)dx:/Q(IM* F(Tag\l‘iw)) fl(a:,u,v)qﬁ‘;afz(x,u,v)wdmy (4.4)
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for all ¢,v € H5(Q). Indeed, if we take ¢ = v~ and 1 = 0 in (4.4), we have m (¢?) |lu” || = 0. By using (ma1),
we get that u~ = 0 a.e. in Q. Therefore u,v > 0 a.e. in Q.

Claim 2: m (H(u7 U)HQ) ||(u’ ,U)HQ > fQ [[M % F(lﬂ;,lz,v)] fl(z,u,v)rz-ll—ofz(z,u,v)vdx.
Supposing by contradiction that
F(z,u,v)| fi(x,u,v)u+ fao(x,u,v)v
m () o) < [ |1, Fet)| Dottt B, (4.5)

let h(t) = (®'(tu, tv), (tu, tv)), then from (3.2) and (4.5) we know h(1) = (®'(u,v), (u,v)) < 0. Then for ¢t > 0

S (
small enough, using (f5) and Remark 1, we obtain that

(® (tu, tv), (tu, tv))
> mot?||(u, ) ? = 7/ / (f1(z, tu, to)tu + fo(zx, tu, to)tv) (f1(y, tu, tv)tu + f2(y, tu, tv)tv) dudy

|z =yt x|yl

2r+2 T r r T T T r r
9 /(/ (u" +v")u+ (u +v)vdy) (u" +v")u+ (u +v)vd:r
o \Ja

>m0t2 U, V - —
)l = = T FE

> 0.

Since r > 0, then the above inequality shows that h(t) > 0 for ¢ small enough. So there exists a t. € (0,1) such

that h(t.) = (@' (tau, tav), (teu, tiv)) = 0, ie. (tiu,tv) €N,
So using (3.1), (3.2), Lemma 4.1 and the lower semicontinuity we get

¢ <b < Blteu, tov) — 219< (e, £20), (fau, £00))
1 2 1 F(x, tiu, tiv) | F(x, tiu, tov)
= =M (||(teu, t. —— | |1
3 (e teo)l?) = 5 [ (1,00 Tt ity
1
— 5 (It t0) ) (| (teu, tav) |2
N 1 I F(m,t*i, tw)] fi(m, teu, tov)tu +af2(m,t*u, t*v)t*vdx
20 Jq | || ||
1
<5 M ([[(wv)] ?) - *m(l\(u,v)l\Q) I(w, )|
n 1 I;L . F(x, tau, t0) | fi(z, teu, tav)tau + fo(x, tou, t0)tv — OF (2, tau, tv) de
20 Jo | || ||
1
S oM (||( )|*) - *m(\(uvv)HQ) 1w, )2
_i_i/ -IH*F(x7u7’U) fl(a:,u,v)u-l—fg(m,u,v)U—@F(m,u,U)dw
20 || ||

n—oo

i/ [ * F(m,un,vn)] fl(x,un,vn)qufz(x,un,vn)vn — QF(mvu’ﬂavn) d.’.ﬂ}
20

||

< timint {01 (1w 0I) = 55m (1m0 ) )P

||
.

— liminf <‘I>(un,vn) - %<<I>/(un,vn), (un,vn») ="

n-sc0
This gives a contradiction and completes the proof of Claim 2.
Claim 3: ®(u,v) =c".
By using the weakly lower semicontinuity of norms we know ®(u,v) < limp— 400 @(un,vn) = ¢*. If ®(u,v) < c*,
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then from (3.1) and Lemma 4.2 we know M (||(u,v)||*) < limyu— oo M(||(tn,vn)||?). Since M(t) is increasing
and continuous and limy,—eo || (tn, vn)||? = o2, we obtain ||(u, v)||* < ¢. Moreover, from (3.1), (3.8) and Lemma

4.2 we derive that

2 . 2 L 1 F(z,u,v)]| F(x,u,v)
= n n = — . 4.
M (c%) nlLH;OM(||(u son)|?) =2 (c + 2/Q [[u* e FE dx (4.6)
Now let
(anvﬂn) = ( n ) Un ) )
([ (wns vn) [ [ (e v
obviously we obtain ||(tn, Un)|| = 1 and (Un, o) = (@,0) = (%, 2) weakly in Hg (€2, R?). From Lemma 2.3, we
have that
sup/ exp (ﬂ(|ﬂn|2 + |5n\2)) dx < +oo, for 1 < 8 < Lﬂi
neNJQ L—|(@ v)|?
Then from (1.3), (3.1) and Claim 2 we obtain
1 oy 1 / [ F(m,u,v)} F(z,u,v)
P(u,v) = =M (||(u,v - = 1, * dx
(1) = M (o)) — 5 [ [1x FEet)| El
1 2 1 F(m,u,v) F(x,u,v) 1 2 2
> = - [ r —
> 30 (I o)l) = 5 [ |s B EE g L (w0 ]
+ i/ {Iu . F(m,u,v)] fl(x7u7v)u+f2(:c,u7v)vd$
20 Jo B ||
1
= 54 (0M (s 0)17) = m (1w, 0) 1) [l (u, 0)[I7)

b [ [ Pleti)) At s 0P o),
20 Jq || ||
>0,

and from Remak 1, (3.1), Lemma 3.4 and (4.6) we get
M (0?) = 2¢* +/ {IM * F(z,u, U)} F(x’qi’v)dx
o || |z

= 2¢" — 20(u,v) + M (||(w,v)|*)

<M (W) + M (H(u,v)HQ)

<or (AULEE20) 4 ).
0

For the monotonicity of the function M (t) we know

b < 1 4% (4 + p — 20)
1= [l(, v)[|? Bo '

Thus for n € N large enough it is possible p > £p and p close to By such that

8 > 3272
— Un,y, Un LS —==-
a2t S TR

From Lemma 2.3, there exists C' > 0 such that

8 2 2
/Qexp(4+,u_2ap(|u| +|v\)>
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and

/ [Iu . F(x,un,vn)] f1(@, wn, vp)un + fo(x, wp, vp)v, "
Q

|.T‘(¥
. [In i} F(z,u, v)] fi(z,u,v)u+ fo(x,u,v)v
Q || ||

dx,

as n — oo, which implies (un, v,) — (u,v) strongly in HZ (€, R?). Hence ®(u,v) = ¢* which gives a contradiction

and completes the proof of Claim 3.

Finalizing the proof of Theorem 1.1: By Claim 3, we deduce that lim M (||(un,vn)||*) = M (||(u,v)||*) which
n— oo

indicates (un,vn) — (u,v) in Hg(Q,R?). Then finally we have

F(LL’,U,U):| fl(x,u,v)¢+f2(1:,u,v)¢

|| ||

dx,

m(H(u,v)||2)/Q(Aquﬁ—i—AvAw)dm:/Q {Jﬂ*

for all ¢, € H3(Q). That is, (u,v) is a solution of problem (1.1) satisfying ®(u,v) = ¢* and according to
Lemma 4.1, the proof of our main result is completed. O
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