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Abstract

This paper aims to capture the dynamics of intra-communal violence in a deterministic model of ordinary
differential equations, accordingly, the Authors found some interesting results. Lack of quality education,
insecurity, bad roads, drugs and alcoholism, unequal representation in government and religious decay have
been identified as key factors supporting intra-communal violence over the years. In this research work we
built all these factors into a deterministic model describing intra-communal violence and performed some
basic mathematical analysis such as positivity of solutions, existence of invariant region, violence-free
equilibrium, violence-persistent equilibrium, basic reproduction number, sensitivity analysis, stability
analysis and bifurcation analysis. It was revealed that the violence-free equilibrium is globally asymptotically
stable. The model exhibits a forward bifurcation. The sensitivity analysis revealed that injustice and
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insecurity are highly sensitive parameters of the basic reproduction number. We also designed a
questionnaire to ascertain the violence risk level of Obiaruku community in Delta State, Nigeria and the
analysis revealed that the community is at the medium high risk level and thus violence may occur in most
cases in the community. The results of the stability analysis and the sensitivity analysis showed that under
certain conditions, a community can be brought to the maximum low risk level and the maximum high peace
level.

Keywords: Modeling; violence; risk-level; stability; and sensitivity.

1 Introduction

Galles and Straus [1] stated that violence is concerned with carrying out an activity with the intent of hurting
another individual physically. Violence can also be defined as any form of verbal, physical, sexual, or visual
abuse experienced by someone that has the effect of hurting the person’s feelings and will indirectly affect the
person’s behavior. Galtung [2] opines that violence are avoidable, and they are abuses to fundamental human
desires, and lowers the level of satisfaction. He added that violence is cultural, structural, and direct; and that
direct violence has to do with an event, structural violence is a process with ups and downs, and cultural
violence has to do with an invariant permanence. Galtung further revealed that psychological and verbal abuse
are direct violence. Stark, Anne, and William [3] defined structural violence as the confiscation of someone’
rights through the use of ideas, and direct violence as the confiscation of someone’ rights or interest through
the use physical violence.

Coker-Appiah and Cusack [4] categorized the varieties of causes of violence into three: verbal alteration that
can escalate into violent behavior, financial issues that can lead to disagreement and violence, and offensive
conduct. Children that were victims or witness physical violence are more likely to become perpetrators of
violence as adults than children that were not victimized. Shewafera and Birhanu [5] revealed that any condition
even individuals’ behavior which can spread among humans, can bring about a similar epidemiological disease
condition. Patten and Arboleda-Fl6rez [6] said that violence is a condition where behaviors is contagious, and
this has been seen in large groups and in places with high density.

In understanding dynamical systems of real-world, it has been revealed that mathematical modeling plays a
fundamental role which remains effective till date Khan, Ali, Bonyah, Okosun, Islam & Khan, [7] Khan, Ullah
& Farhan, [8] Karthikeyan, Karthikeyan, Baskonus, Venkatachalam & Chu, [9] Jin, Qian, Chu & Rahman, [10].
Mathematical models have been formulated and analyzed in different disciplines including the social science
(Lazarus, [11] De la Poza, Jédar, & Barreda, [12] Dominioni, Marasco&Romano, [13] Lemecha & Feyissa, [14]
Delgadillo-Aleman, Ku-Carrillo, Perez-Amezcua & Chen-Charpentier, [15] Danford, Kimathi & Mirau, [16]
Mamo, [17] Mamo, [18] Ossaiugbo & Okposo, [19] Okposo, Jonathan, Okposo & Ossaiughbo, [20] Fantaye
&Birhanu, [21]. Mathematical models have been applied tosocial situations. Mathematical models on violence
include (Lazarus, [11] De la Poza, Jédar, & Barreda, [12] Wiley, Levy & Branas, [22] Delgadillo-Aleman, Ku-
Carrillo, Perez-Amezcua & Chen-Charpentier, [15] Tsetimi, Ossaiugbo, & Atonuje, [23]. In this research work,
we constructed a 3-compartment deterministic model for intra-communal violence, and perform some
mathematical analysis on the model. Violence risk level analysis and peace level analysis were also presented.
We also obtained the violence risk level perception of Obiaruku community, Delta State, Nigeria, via a
questionnaire distributed to and equally retrieved from the residents of the community.

2 Methodology

We present the design of the research, model formulation, assumptions of the model, parameter descriptions,
population and population sample, sampling technique, data collection instrument, basic mathematical analyses
on the model and method of questionnaire analysis. The purpose of the study and the answers needed to
critically validate the model has guided the researcher to choose a survey research design. We designed a
questionnaire titled “Causes of Intra-Communal Violence” and distributed same to a sample of residents in
Obiaruku community in Delta State, Nigeria. The accessible population includes reachable 100 residents of the
community which is made up of 19 business men/women, 19 commercial motorcyclists, 20 students, 16
farmers, 15 civil servants, and 11 traditional rulers. This is considered sufficient enough to represent and
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generalize the entire community owing to the population size of the community. Moreover, all groups existing
in the community were taken into consideration. The questionnaires were retrieved and analyzed. The
questionnaire has four sections. Section 1 is on infrastructural developments within the Obiaruku community.
Section 2 is on level of injustice melted on the less privileged/exposed within the community. Section 3 is on the
security strength of the community, while section 4 is the level of threat to life and properties of the residents of
the community. A deterministic model of ordinary differential equations is constructed to study intra-communal
violence and basic mathematical analysis performed on the model. The questionnaire which was subjected to
face validation and content validation was structured on a 2-point scale, which includes “Yes” and “No”. The
respondents were instructed to tick the appropriate answer to the questions contained in the instrument.
Calculations and model analyses were done using the version 12 Mathematica Programming Software, while
charts were generated with Microsoft Excel Software.

2.1 Model formulation

The following assumptions were considered in the model formulation. Firstly, the population is uniformly
mixed so that every peaceful resident is equally susceptible to infection. Secondly, natural death and violent-
induced death happens in all classes; and lastly, not all brutal individuals can be completely peaceful. The model
considered stratified the human community into three mutually exclusive classes. The Peaceful class (P), the
Aggressive class (A) and the Brutal class (B). Peaceful individuals are residents who are neither aggressive nor
brutal but are susceptible to attack, injustice or violence at any time. Aggressive individuals are residents of the
community who are not satisfied by the way and manner in which they are treated or marginalized, and they can
easily react. The Aggressive individuals manifest their greed/dissatisfaction at all time. They can engage in
quarrels that can pull crowd but they will not destroy life or property. Their dissatisfaction may due to political
marginalization, land and assets deprivation and some application of physical forces from other individuals.
While Brutal individuals are those residents of the community who are ready to destroy lives and properties at
all cost. They feel they are not answerable to anyone and they can express their anger and dissatisfaction by any
means pleasing to them. The Brutal individuals often disregard other people’s rights. They are determined and
energetic in pursuit of their ends. The per capital recruitment rate into the peaceful class is A. Peaceful
individuals join the Aggressive class at rate= xkrwt (AL—YB), force of infection. The parameters descriptions
clearly reveal that the force of infection x of the model has been constructed to imply all three forms of violence
- the cultural, the structural and the direct form. Aggressive residents become brutal at rate a. Due to well-
meaning and positive interventions from concerned individuals and/or organizations, the aggressive individuals
become peaceful at the rated, while the brutal individuals become peaceful and aggressive at rates {3 and
respectively.lt is assumed that violence-induced death and natural death occur in all classes at the rate nj and p
respectively. The mathematical model is given as system (1) while the schematic diagram is given as figure 1.

dpP
—=A+64A+BB— (x +n+u)P

dt

dA

T =XPHIB - (@+ 8+ + A (1)
dB

G- B+i+n+ B

Initial conditions:P(t) = 0,A(t) = 0,B(t) = 0.

Fig. 1. Schematic diagram
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Table 1. Parameters description and values

Parameter  Description Value Source
Per capita recruitment rate into the peaceful 0.6 Mohammed & Musa (2019)
class
K Effective contact rate with aggressive and 0.6 Mohammed & Musa (2019)
brutal residents
Y Infection coefficient of the brutal class 0.6 Assumed
] Rate of injustice 0.5 Assumed
[0) Level of insecurity on a scale of 0 — 1 0.8 Assumed
w Level of threat to life and property on ascale 0.6 Assumed
of 0 -1
13 Level of negligence of infrastructural 0.7 Assumed
development in the community by the
government
4 Rate at which brutal individuals refines to 0.4 Assumed
aggressive
a Rate at which aggressive residents become 0.7 Assumed
brutal
1) Rate at which aggressive peaceful 0.4 Assumed
B Rate at which brutal individuals become 0.3 Assumed
peaceful
n Violent induced death rate 0.003 Mohammed & Musa (2019)
i Natural death rate 0.0124 Kotola & Mekonnen (2022)

3 Mathematical Analysis of Model

3.1 Positivity of solutions
We shall establish the positivity of solutions via the following theorem.
Theorem 1 (Positivity of Solution)

Suppose T = {(P,A,B) € R3: P(0) > 0,4(0) > 0, B(0) > 0}, then the solution set {P, A, B}is positive for allt >
0.

Proof:

Observe the equation,

dp
a=A+8A+BB—(x+n+u)P.

See that

dP(t) _ O+ 1 4+ P
7 2 "+ wh.

SinceP(0) > 0, we obtainP(t) > P(0)e~X**Wt > o_Similarly, A(t) > 0,B(t) =0 vt >0. []

3.2Invariant region and boundedness of solution

The total number of individuals who are susceptible, aggressive and brutal cannot grow indefinitely.
Independent of the initial number of these individuals, there is an upper bound for the population growth. Thus,
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at any point in time, the total number of susceptible, aggressive and brutal individuals is contained in a region.
This is the invariant region. We now establish that the whole population size is bounded.

Theorem 2: The set

A
F={P,A,B ER3:OSP+A+B=NS—} 2
(P.AB) € RY — @

is positively-invariant.
Proof:

N(t) = P(t) + A(t) + B(v).
dN(t)

BT A—(M+ WP, 3)

A
N(t) £ —— + ce" (MW,
n+p
As t - oo, we obtain

N(t) < A 4)
S

It follows that the model’s feasible solution set remains in the region: T = {(P, AB)ER}:0<P+A+B=

A

N< ; } Observe that if the population is higher than the threshold level " the population reduces to the

A
+u n+
carrying capacity. If N < n% then the solution remains in the invariant region for all t > 0. This completes the

IJ,,
proof. [-]
3.3 Violence-Free Equilibrium (VFE)

The VFE is obtained by equating the right-hand side of the model (1) to zero, substituting A =B = 0, and
solving the resulting system. This gives the VFE as:

Ey = (nATu'O'O) (5)

3.4 Violence-Persistent Equilibrium (VPE)

We obtained this equilibrium point by simply setting the right-hand side of the model (1) to zero. Thereafter, we
solved the resulting non-linear system and obtained.

P:A(a(8+n+u)+(8+n+u)(8+i+n+u))
KM+ WP +ay +T+1+ 5w
Ao ABHIFN+WB+EHn+ WG +n+ - KEeyw) + af +1+ 1 - yEpYw)) ©
KM+ wa+p+i+n+W@+ay+i+n+wiedw '
g NCHBrn+twW -G+t wWE+i+n++r@E+ay+i+n+t Wiedw)

kKm+wa+p+7+n+ WP+ ay+7+n+piodw

3.5 Basic reproduction number(Ry)

This is the average number of secondary violence cases caused by an aggressive or brutal individual within an
entirely peaceful population during his/her infective period. We employ the method due to Driessche and
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Watmough [24]) to obtain the expression for R,. Here, we consider the violence class of individualsX'(t) =
F(t) — V() where

TZ(XP)'V_(—(B+(a+8+n+u)A>

0 “\—aA+ B+ 7+n+wB ™)

denote on new infection terms and old infection terms respectively. Next, we obtain the Jacobian matrix for F
and V, at the disease-free equilibrium, to obtain the matrices F and V below.

6 —
Fe (Kic%wm wEtgtle)’ V= (a + _+an +u .. +<n .\ u>'

Furthermore, we have

B+l+n+u 4
V-1 = aB+n+W+@+n+wWB+i+n+p aB+n+wW+G+n+WE+IT+N+ P
- a a+d+n+pu '

aB+n+wW+@+n+wWEB+i+n+w a@B+n+wW+G+n+WEB+I+n+ P

and hence

Fy-1 :( k(B +ay+7+n+ WipYw K@+ v(a+ 8 +1+ w)ieYn )
aB+n+W+@+n+WE+i+n+w aPB+n+W+@E+n+WE+I+EN+ P/

The eigenvalues of the matrix FV~1A are obtained as

k(B +ay+7+n+ WipYw

M =0, AZ:a(3+n+u)+(8+n+u)(8+<+ﬂ+“)'

It follows that R, which is the spectral radius, is

_ KB+ ay+7+n+ wievw
aB+n+W+@+n+wW@B+T+n+p

(8)

0

4 Stability Analysis of the Violence-Free Equilibrium

The stability analysis of the model tells how stable the violence-free equilibrium can be over time owing to the
initial number of people who are susceptible, aggressive and brutal. This again is needed for a proper
management and eradication of violence in the community. It is the utmost desire of any goodhearted and well-
meaning individual or organization saddled with the responsibility of crisis management within the community
to ensure the achievement of the global stability of the VFE of the said intra-communal violence. We start by
finding the Jacobian matrix of the above system which is given as.

of, of, of,
P 0A 0B
of, of, o,
P 0A 0B
of, of, of;
P A 0B

Where
fi=A+8A+BB—(x+n+ WP,

f,=xP+TB—(a+8+n+ WA,
f=aA—(B+7+n+wWB.
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Theorem 3 (Local stability of E,)
The VFE (E,) is locally asymptotically stable if R, < 1, otherwise it is unstable.
Proof:

The Jacobian matrix is

—n—u & — kEpYw B —yrEpyw
Jg, = 0 —a—8-n—-p+rieYow  {+ykEpyw | 9
0 o —B-C¢—m—un

Observe that

Trace(]]EO) =xk§pYw —a—pF—6—-C—3n—-3u<0,

and
Det(Jg,) = —(—n—wW(@B+n+w + @ +n+ (B +T+n+w)(=1+Ry) > 0.
Recall that
_ k(B +ay +7+n+ Wipyw
Pa@Hnt W+ @+ @+
Therefore,

=(a(B+n+u)+(5+n+u)(8+i+n+u))Ro
k(B +ay+7+n+ wiey

Substituting this into the expression for Det(Jg, ), we obtain

Det(Jg,) = (= — W(aB+n+ )+ @ +n+ W@ +3+n+w)(L+Re) > 0.
Solving for Ry, we obtain R, < 1.Therefore, the VFE is locally asymptotically stable. This completes the proof.

Remarks:

1. Theorem 3 implies that as long as the initial sizes of the peaceful individuals, aggressive individuals and
brutal individuals are within the basin of attraction of the violence-free equilibrium, violence can be
eradicated from the community. Furthermore, global stability of the VFE guarantees that that eradication
of violence does not depend on the initial sizes of the compartments. Thus, it is important to establish that
with Ry < 1, that is, the VFE is globally asymptotically stable.

2. In order to study the global asymptotic stability of the VFE, an appropriate Lyapunov function can be
constructed (Ana & James, [25] and Michael & Liancheng, [26] but we shall employ the method
introduced by Carlos and Song [27]. Here, we rewrite the model (1) in the form

X _ L(X,Z)

e~

a7z (10)
= M(X,Z), M(X,0)=0

whereX = (P) denotes the uninfected individuals and Z = (A, B) denotes the violent individuals.
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3. By equation (10), we would denote an equilibrium E = (X,Z). The VFE(E,) is thus represented as
E, = (X*,0) where X* = (P).
4. If the following two conditions are satisfied, then the VVFE is globally asymptomatically stable:

X* = (P) is globally asymptomatically stable.

dz _
€2 —=DMX",0)Z - M(X,2),

where M(X,Z) > 0 for all (X,Z) € T.

5. T is the region where the model is feasible, and D;M(X*,0) is known as the Metlzer matrix with
nonnegative off-diagonal elements.

Theorem 4 (Global stability of the VFE):

E, = (X%, 0) is globally asymptotically stable if R, < 1, and conditions (C1) and (C2) are satisfied.

Proof:

First let us introduce the recruitment term A in the Peaceful Class. Observe that

%:L(X,Z)=[A+8A+BB—(x+n+u)P], (11)
dzZ _xP+B-(a+8+n+ wA

@ - M&2) = aA— B+i+n+wWB | (12)
dx

I =L(X0) =[A—(+wP]. (13)
Z=0

Equating the right hand side of equation (13) to zero and solving, we see thatX* = (T]ATu)is the only equilibrium
point. Solving the system of ordinary differential equation given by (13) for P(t), we obtain

A )e—(n+u)t_ (14)

A
P(t S—+(P—
® R

n+u

Ast —» o, we have that P(t) - nATu . Thus global convergence ofX = (P) is implied. HenceX* = (ni) is

globally asymptotically stable for j—ﬂ . We now obtainD;M(X*, 0)Z.
Z=0

—{—n+ Bxéopw 6 — 86t + Bxoopw S + ByxSopw
DzM(X",0) = | (= Brg(=1+0)pw —a—35—-n—Prie(-1+0)pw —PykE(-=1+o0)pw
0 a -8—n

By the condition (C2), we obtain

M(X,2) = ((A + BV)Kgfpww -~ P;()
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We observe that the condition M(X,Z) > Oforall (X,Z) € T' holds. Thus, the condition (C2) is satisfied.
Therefore, given Ry < 1, since only (C1)and (C2)are satisfied, then the VFE is globally asymptotically stable.
This completes the proof.

Remark: The global stability of the violence-free equilibrium assures us that when the right approach is
followed in managing violence/crisis (or maintaining peace)within the community, long-lasting peace can be
achieved, no matter the number of brutal individuals or aggressive individuals existing at that point in time.

5 Sensitivity Analysis

The result of the sensitivity analysis is a pointer to violence eradication in the community. It tells which
parameters highly influence violence outbreak in the community. The sensitivity indices of the parameters of
Ryreveals the influence of small changes in parameter values on the extent of intra-communal violence/crises.
By this analysis, we shall be able to tell which parameters are highly sensitive to small perturbations. This
analysis shall guide decision-making pertaining crisis management. We employ the approach used by Kizito and
Tumwiine [28]. The normalized forward sensitivity index of R, that depends on the differentiability index of a
parameter v, is

oR v
Ro __ 0
L) ><R0 (15)

Thus, we obtain the following sensitivity indices:

Ro=1>0,

G =1>0,

70 =1>0,

40 =1>0,

Ro=1>0,

Ro _ ay

4 _ﬁ+ay+(+n+u>0'

R ap((+y(a+d6+n+p) <0
b Bray+i+n+wa@B+n+w+@+n+wW@B+i+n+p)
Ro _ _ a(B++n+WB+n+p—y@+n+p) <0
* Bray+i{+n+wW@B+n+wW+@@+n+wWB+i+n+w)
Ro _ _ SB+{+n+w <0

8 aB+n+w+ @@ +n+wWB+i+n+p)

7Fo = B +ntu—y@E+n+mw) <0
¢ Braytltntw@Brntw+@E+n+ @B+ Entw)
Ro . MB*+a’y+aBy+al+28C+n+m)+C+n+u)*+ay(6+{+2(0+w))

“ Bray+i+n+w@B+n+w)+ @@ +n+wB+7+n+u)

<0,
Ro _ NP+ a’y+aBy +al+28+n+m)+ G +n+m*+ay(§+{+2(m+n))
K (ﬂJ(r)aV+€+n+u)(a(B+n+u)+(6+n+u)(ﬁ+5+n+u))

<0,

The sensitivity analysis reveals that seven parameters of Ryhave positive sensitivity indices; these parameters
are the effective contact rate (x),the level (§)of negligence of infrastructural development in the community by
the government, the level (¢)of insecurity on a scale of 0 — 1, the rate of injustice(yr),the level (w)of threat to
life and property on a scale of 0 — 1, and the infection coefficient (y)of the brutal class. It is pertinent to point
out here that small increments in the values of these parameters will greatly increase R,. Thus, in order to
minimize or eradicate violence within the community, we recommend that:

(i) at all possible cost, peaceful individuals must avoid any form of business or dealings with brutal and
aggressive residents of the community. In order words, effective contact with the infectious individuals
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should be avoided or minimized. This recommendation is because the effective contact rate (k) has been
shown to have a positive sensitivity index.

(if) proper attention/consideration should be given to the provision of good infrastructural development
within the community. Also, existing infrastructures must be properly maintained. The government and
traditional rulers must understand that lack of these infrastructures can cause agitation within the
members of the community.

(iii) the security of lives and properties of residents of the community must be on top of the scale of
preference of the community residents, the traditional rulers and the government. Security issues must not
be taken with negligence, so as to ensure that there is zero tolerance to insecurity and threat to life and
property within the community.

(iv) all individuals involved a conflict should be treated fairly according to the laws of the land. There should
be no form of injustice either by the traditional rulers or those involved in the process of crisis settlement.

(v) the law enforcement agencies must work together with the goal of ensuring that aggressive individuals
and brutal individuals are properly punished/prosecuted. This will reduce the strength of spread of
violence from these classes.

(vi) in a conflict or violence situation within the community, an immediate and peace-targeted response must
be given and channeled to the appropriate quarter. Agitations or little conflicts should not be allowed to
grow out of proportions before a proper and adequate response is dished out. In other words, irascible
individuals should be bounded from the right, in order that they may not become aggressive, and
aggressive individuals should be appeased on time so as to avoid increasing the brutal class.

The parameters of Rywith negative sensitivity indices are the rate ($)at which brutal individuals become
peaceful, the rate (¢)at which brutal individuals refines to aggressive, the rate (&)at which aggressive peaceful,
the rate (a)at which aggressive residents become brutal, the natural death rate (u)and the violence-induced
death rate (n).An increment in the magnitude of these negatively sensitive parameters will cause a reduction in
the value of Ry, hence we recommend that the cause of agitation or conflict within the community, especially
among the aggressive class and the brutal class, should be properly addressed with the motive of bringing peace
and order to the community. This measure will ensure that the aggressive individuals and brutal individuals
become peaceful.

5.1 Bifurcation analysis

We now examine the bifurcation of the model (1). This will help us to ascertain whether the model exhibits a
forward bifurcation or a backward bifurcation. The result of this analysis will help us to know if the condition
“Ry < 1”is enough to guarantee the “non-appearance” of the violence-persistent equilibrium. We shall establish
this via the Centre Manifold Theorem as presented by Castillo-Chavez and Song (2004).[27]. The centre
manifold theorem gives the local dynamics of the model around the violence-free equilibrium point, as we
consider various values of a parameter of the model. Here, our interest is the dynamics around the violence-free
equilibrium point with varying values of R,.

Theorem 5 (Centre Manifold Theorem)
Consider the following general system of ordinary differential equations with a parameter ¢.
dy
E=f(y,¢)), f:R*"XR and f € C*(R" X R), (16)
where 0 is an equilibrium point of the system (that is, f(0, ) = 0 for all ¢) and assume
Al: A =D,f(0,0) = (:—; (0,0)) is the linearization matrix of the system (29) around the equilibrium point 0
with ¢ evaluated at 0. Zero is a simple eigenvalue of A and other eigenvalues of A have negative real

parts;
A2: Matrix A has a right eigenvector w and a left vector v (each corresponding to the zero eigenvalue).

Let f, be the k™ component of f and
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_ 0*fi
a = UkWinm(0,0), (17)
i k=1 v
L 0%
b= ‘kzl vkwim(0,0), (18)
i,k=

The local dynamics of the system (16) around 0 is totally determined by the signs of a and b:

1. a>0, b>0.When ¢ < 0 with || < 1,0 is locally asymptotically stable, and there exists a positive
unstable equilibrium; when 0 < ¢ « 1,0 is unstable and there exists a negative and locally
asymptomatically stable equilibrium.

2. a<0, b<0.When ¢ <0 with |[p| « 1, 0 is unstable; when 0 < ¢ « 1, 0 is locally asymptotically
stable, and there exists a negative unstable equilibrium.

3. a>0, b <0.When ¢ < 0with |p] « 1, 0is unstable, and there exists a locally asymptotically stable
negative equilibrium; when 0 < ¢ « 1, 0 is stable, and a positive unstable equilibrium appears.

4, a<0, b>0.When ¢ changes from negative to positive, 0 changes its stability from stable to unstable.
Correspondingly, a negative unstable equilibrium becomes positive and locally asymptotically stable.

Particularly, if a > 0 and b > 0, then a backward bifurcation occurs at ¢ = 0.
Proof:
We set
P = x4, A =x,, B = x3.
Thus, the model (1) becomes

X1:A+5.XZ+ﬁx3_(X+n+,u)X1
Xy = xx1 +{xz — (@+ 6 +n+ wWx, (19)
X3 =ax,— (B+{+n+wx;

The Jacobian matrix evaluated at the VFE is given by

—n—u § —Képyw B — yrSppw
]]E0=< 0 —a—6-n—ptrippo  {+yKipYpw ) (20)
0 a —B—-{—n—-u
Let k = x* be the bifurcation parameter. From the expression for R, we get
@B+ + @@ +n+wWB++n+p)
K= Ro- (21)
B +ay +7+n+p)éeypw
When R, = 1, we get
_@@B4nt+tm+ @ +n+wB+i+n+uw) 22)

B+ay+{+n+wépdw

From the characteristic equation of Jg given by |]]EO - M| =0, I is the 3 x 3 identity matrix, we obtain the
eigenvalues:
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(ﬂ'l = 0,

A =—n— 1 23
L P ety G+ 2BE 0+ Gt P tay@+ T2y P
o Btay+l+n+u '

0 is a simple eigenvalue of ]z . Now the right eigenvector (w;, w, ws)Tof ][EO| is

Kk=x*

(@+BH{Hn+p

Wl = p W3
_B+{+tn+w (24)
W2 = —W3|
a
w3 = g3 > 0
Similarly, the left eigenvector (v4, v,, v3)of ]]E0|K=K* is
( 171 = 0

{ =(ﬁ+ay+5+n+u)v
2T l4y@+ S+ +p
kv3=v3>0.

(25)

Now, from equations (24) and (25), considering only the non-zero components of the left eigenvectors, we
obtain:

_ _2mtmay+pritntm@Brntm+ Gt w@E+Itnt @y +BH{tn+wY)
- AR+ ay + T+ + W +y@+s+n+m) Wa b

<0,
_(ay+B+{+tn+mwBtay+i+n+wippo

b
a+yl@a+é+n+p)

w3v3 > 0.

Sincea < 0 and b > 0, when k changes from negative to positive (correspondingly, when Ryalters from R, < 1
to Ry > 1), the VFEE, changes its stability from stable to unstable. Furthermore, the negative unstable VPE
becomes positive and locally asymptotically stable.See figure2.

f T
20t

Stable VPE

Stable VFE

Infectious Residents

Unstable VFE

Unstable VPE

-20+

00 i ' s ) 10 ) ‘ 1.5 ; i 20

Fig. 2. Bifurcation plot
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From the bifurcation plot, we see a forward bifurcation, and it becomes obvious that R, < 1 is enough to
minimize the spread of violence and bring about peace stability in the community. The most sensitive
parameters of R, have been detected and clearly stated in the sensitivity analysis of R.

5.2 Risk-level analysis

We present the violence-risk level analysis. Firstly, the questionnaire is presented. In line with the mathematical
model, the questionnaire captures the parameters of the model such as infrastructural development (), injustice
(W), insecurity (¢), and threat to life and property (w). The questionnaire was reviewed by some experts in the

field for its validation.

Let
A, = Number of YES in section 1

A, = Number of NO in section 1
B; = Number of YES in section 2
B, = Number of NO in section 2 (26)
C; = Number of YES in section 3
C, = Number of NO in section 3

D; = Number of YES in section 4
D, = Number of NO in section 4

If A; + C, > A, + C,, then the community is at low risk of intra-communal violence. Also, if B, + D, < B; +
D,, then the community is at low risk of intra-communal violence. Thus, the mean scores are:

X

A, +C,+ B+ D,
= 27
" : 27)
y = 2 . (28)

We note that x which ranges from 0 — 5determines the violence risk-level, while y which also ranges from 0 —
Sdetermines the peace-level of the community. Furthermore, if

x; = Risk level obtained from first respondent,
x, = Risk level obtained from second respondent,

x, = Risk level obtained from nth respondent,

then the average risk level of the entire sample is given by

X+ X%+ +x
1 Zn . (29)

X =

Similarly, if

y1 = Peace level obtained from first respondent,
y, = Peace level obtained from second respondent,

yn = Peace level obtained from nth respondent,
then the average peace level of the entire sample is given by

+y, 4+t
Y1 an Yn. (30)

}7:
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We make the following assumptions on the risk levels and clarify same using figure 3.

Risk level 0 (Maximum low risk)
Risk level 1 (Medium low risk)
Risk level 2 (Minimum low risk)
Risk level 3 (Minimum high risk)
Risk level 4 (Medium high risk)

Risk level 5 (Maximum high risk)

5.3 Questionnaire analysis

Low Risk Class

N g N g &

Maximum
Low Risk

Medium
Low Risk

Minimum
Low Risk

Violence will not occur at all
Violence will not occur in most cases
Violence may not occur in most cases
Violence may occur in most cases
Violence will occur in most cases
Violence is certain

High Risk Class

Maximum
High Risk

Minimum Medium
High Risk High Risk

Fig. 3. Risk Levels

We analyze the questionnaires retrieved from the 100 respondents residing in the Obiaruku Community of Delta
State, Nigeria. The analysis is based on the preliminaries presented in the risk level analysis.

Table 2. Community Risk Levels obtained from Respondents

Respondent Section 1 Section 2 Section 3 Section 4 Risk |  Peace
Ay A, B, Cq C, D,y D,

Business men/women
1. 0 5 2 3 3 2 4 1 3.25 1.75
2. 5 0 2 3 3 2 3 1 1.75 3.00
3. 2 3 2 3 3 2 4 1 2.75 2.25
4, 2 3 1 4 2 3 2 3 2.25 2.75
5. 3 2 2 3 3 2 4 1 2.50 2.50
6. 0 5 0 5 2 3 2 3 2.50 2.50
7. 4 1 3 2 3 2 2 3 2.00 3.00
8. 4 1 3 2 3 2 2 3 2.00 3.00
9. 0 5 0 5 2 4 3 2 3.00 2.25
10. 0 5 1 4 2 3 3 2 3.00 2.00
11. 1 4 1 4 3 2 2 3 2.25 2.75
12. 4 2 3 2 1 4 2 3 2.75 2.50
13. 2 3 2 3 2 3 4 1 3.00 2.00
14. 2 3 0 5 3 2 2 2 1.75 3.00
15. 2 3 2 3 1 4 3 2 3.00 2.00
16. 0 5 1 4 2 3 3 2 3.00 2.00
17. 0 5 0 5 2 3 2 3 2.50 2.50
18. 2 3 2 3 1 4 1 4 2.50 2.50
19. 0 5 1 4 4 1 3 2 2.50 2.50

Commercial Motorcyclists
20. 0 5 1 4 2 3 3 2 3.00 2.00
21. 2 3 2 3 3 2 4 1 2.75 2.25
22. 5 0 5 0 2 3 2 3 2.50 2.50
23. 5 0 1 4 2 3 3 2 1.75 3.25
24, 2 3 2 3 3 2 3 2 2.50 2.50
25. 0 5 4 1 3 2 4 1 3.75 1.25
26. 1 4 0 5 3 2 2 3 2.00 3.00
27. 2 3 1 4 2 3 1 4 2.00 3.00
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Respondent Section 1 Section 2 Section 3 Section 4 Risk |  Peace
Ay A, By B, Cy C, D,y D,
28. 3 2 0 5 1 4 1 4 1.75 3.25
29. 1 4 2 3 2 3 4 1 3.25 1.75
30. 1 4 0 5 2 3 2 3 2.25 2.75
31. 3 2 1 4 2 3 3 2 2.25 2.75
32. 1 4 1 4 2 3 2 3 2.50 2.50
33. 2 3 1 4 3 2 2 3 2.00 3.00
34, 2 3 1 4 2 3 2 3 2.25 2.75
35. 2 3 2 3 2 3 2 3 2.50 2.50
36. 2 3 1 4 2 3 2 3 2.25 2.75
37. 1 4 1 4 3 2 3 2 2.50 2.50
38. 2 3 2 3 2 3 3 2 2.75 2.25
Students
39. 0 5 0 5 2 3 4 1 3.00 2.00
40. 3 2 1 4 3 2 3 2 2.00 3.00
41, 4 1 3 2 3 2 2 3 2.00 3.00
42, 3 2 2 3 3 2 2 3 2.00 3.00
43, 4 1 3 2 3 2 2 3 2.00 3.00
44, 1 4 0 5 2 3 2 3 2.25 2.75
45, 0 5 1 4 2 3 3 2 3.00 2.00
46. 5 0 4 1 3 2 2 3 2.00 3.00
47, 0 5 1 4 2 3 3 2 3.00 2.00
48, 0 5 2 3 0 5 3 2 3.75 1.25
49, 0 5 1 4 2 3 3 2 3.00 2.00
50. 0 5 1 4 2 3 3 2 3.00 2.00
51. 2 3 0 5 2 3 2 3 2.00 3.00
52. 1 4 0 5 2 3 2 3 2.25 2.75
53. 2 3 0 5 2 3 2 3 2.00 3.00
54, 4 1 3 2 4 1 3 2 2.00 3.00
55. 0 5 1 4 2 3 3 2 3.00 2.00
56. 2 3 2 3 2 3 2 3 2.50 2.50
57. 4 1 2 3 2 3 3 2 2.25 2.75
58. 3 2 1 4 3 2 2 3 1.75 3.25
Farmers
59. 3 2 2 3 3 2 2 3 2.00 3.00
60. 3 2 2 3 3 2 2 3 2.00 3.00
61. 3 2 1 4 4 1 3 2 1.75 3.25
62. 2 3 2 3 4 1 3 2 2.25 2.75
63. 2 3 3 2 2 3 4 1 3.25 1.75
64. 3 2 0 5 2 3 2 3 1.75 3.25
65. 3 2 0 5 2 3 2 3 1.75 3.25
66. 1 4 1 4 2 3 2 3 2.50 2.50
67. 0 5 1 4 2 3 2 3 2.75 2.25
68. 0 5 2 3 2 3 3 2 3.25 1.75
69. 0 5 1 4 2 3 4 1 3.25 1.75
70. 2 3 1 4 4 1 3 2 2.00 3.00
71. 3 2 2 3 4 1 2 3 1.75 3.25
72. 1 4 0 5 4 1 4 1 2.25 2.75
73. 1 4 3 2 2 3 2 3 3.00 2.00
74, 2 3 1 4 2 3 2 3 2.25 2.75
Civil Servants
75. 4 1 2 3 3 2 3 2 2.00 3.00
76. 4 1 3 2 3 2 2 3 2.00 3.00
77. 2 3 2 3 4 1 3 2 2.25 2.75
78. 3 2 2 3 3 2 4 1 2.50 2.50
79. 3 2 1 4 3 2 3 2 2.00 3.00
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Respondent Section 1 Section 2 Section 3 Section 4 Risk |  Peace
Ay A, By B, Cy C, D,y D,
80. 3 2 0 5 4 1 3 2 1.50 3.50
81. 3 2 0 5 3 2 4 1 2.00 3.00
82. 2 3 1 4 3 2 2 3 2.00 3.00
83. 4 1 3 2 3 2 4 1 2.50 2.50
84. 5 0 1 4 2 3 3 2 1.75 3.25
85. 5 0 3 2 3 2 3 2 2.00 3.00
86. 1 4 0 5 3 2 2 3 2.00 3.00
87. 2 3 0 5 1 4 2 3 2.25 2.75
88. 2 3 1 4 2 3 2 3 2.25 2.75
89. 4 1 2 3 2 3 3 2 2.25 2.75
Traditional Rulers
90. 5 0 4 1 4 1 2 3 1.75 3.25
91. 3 2 1 4 3 2 2 3 1.75 3.25
92. 4 1 2 4 1 4 4 1 2.75 2.50
93. 0 5 1 3 2 3 3 1 3.00 1.50
94. 1 4 1 4 4 1 2 3 2.00 3.00
95. 1 4 1 4 4 1 2 3 2.00 3.00
96. 1 4 1 4 5 0 2 3 1.75 3.25
97. 3 2 1 4 3 2 2 3 1.75 3.25
98. 0 5 1 3 2 3 3 1 3.00 1.50
99, 1 4 1 4 5 0 2 3 1.75 3.25
100. 2 3 1 4 2 3 2 3 2.25 2.75

It follows from equations (3) and (4) that the average risk level (X)and the average peace level (¥)for the entire

sample are:
X =236 (33)
y =2.63 (34)

Thus, the respondents perceived that Obiaruku is at the minimum low risk level and violence may not occur in
most cases in the community. Pertaining to peace level, equation (24) reveals that the respondents perceived that
Obiaruku is at minimum high peace level. The maximum low risk level and the maximum high peace level are
achievable and it is required that residents, indigenes of the community, well-meaning individuals and the
government, should wholeheartedly swing into action to ensure that the maximum high peace level and the
maximum low risk level are achieved in the Obiaruku.

Risk Level

Respondents (Business men/women)

Fig. 4. Risk level as perceived by business men/women
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13427 29034

Respondents (Business men/women)

Fig. 5. Peace level as perceived by business men/women

Respondents (Commercial Motorcyclists)

Fig. 6. Risk level as perceived by commercial motorcyclists

2027 20mag

Respondents (Commercial Motorcyelists)

Fig. 7. Peace level as perceived by commercial motorcyclists

Respondents (Students)

Fig. 8. Risk level as perceived by Students
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124277 2003

& 1.00 -

Respondents (Students)

Fig. 9. Peace level as perceived by students

2427 YR

Respondents (Farmers)

Fig. 10. Risk level as perceived by farmers

2427 20DaJ

Respondents (Farmers)

Fig. 11. Peace level as perceived by farmers

1242 YTy

Respondents (Civil Servants)

Fig. 12. Risk level as perceived by civil servants
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0.00 -

Respondents (Civil Servants)

Fig. 13. Peace level as perceived by civil servants
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Respondents (Traditional Rulers)

Fig. 14. Risk level as perceived by traditional rulers
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0.50 -
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Respondents (Traditional Rulers)

Fig. 15. Peace level as perceived by traditional rulers

The global stability of the VFE obtained guarantees that the maximum low risk level and the maximum high
peace level can be achieved no irrespective of the size of the aggressive or brutal class. The recommendations
given by the researcher under the sensitivity analysis will guide anyone saddled with the responsibility of
restoring the maximum low risk level and the maximum high peace level to the community.

The perceptions of the different categories of the respondents are presented in the following charts.

6 Discussion and Conclusion

We have constructed a 3-compartment deterministic model to study intra-communal violence, where we have
partitioned the residents of the community into the Peaceful Class, the Aggressive Class, and the Brutal Class.
The mathematical analyses carried out on the model include the non-negativity of solutions, the invariant region
and boundedness of solution, the violence-free equilibrium, the basic reproduction number, the violence-
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persistent equilibrium, the stability analysis, the sensitivity analysis, and the bifurcation analysis. The expression
for the average number of secondary violence cases caused by a single aggressive or brutal individual within an
entirely peaceful population during his/her infective period, was obtained via the method of next generation
matrix. The violence-free equilibrium is locally and globally asymptotically stable, hence violence can be
completely eradicated from the community, regardless of the initial population sizes of the peaceful individuals,
the aggressive individuals and the brutal individuals. The bifurcation analysis revealed a forward bifurcation,
thus Ry, < 1 is enough to minimize the spread of violence and bring about the stability of the violence-free
equilibrium in the community. The computational software used is the Version 12 Mathematica Programming
Software.

Under the sensitivity analysis we presented some vital suggestions that can help bring a community to the
maximum low risk level and the maximum high peace level. The most sensitive parameters of the basic
reproduction number have been detected and clearly stated. Injustice and insecurity are highly sensitive
parameters of the basic reproduction number; hence a small increment in the values of these parameters can
greatly trigger violence and offset peace within the community.

In order to obtain the violence risk level of Obiaruku community in Delta State, Nigeria, we also designed a
questionnaire titled “Causes of Intra-Communal Violence”, and distributed 100 copies of the questionnaire to
residents of the community. We analyzed and showed through charts obtained with the Microsoft Excel
Software, the perceptions of the different categories of our respondents. Figure 3 reveals that about 68% of the
business men and women perceived that the community is at minimum high risk level. In other words, they
perceived that violence may occur in most cases in the community. While pertaining to peace level, we see from
figure 4 that 63% of the farmers perceived minimum high peace level. 5% of the commercial motorcyclists
(figure 5) perceived that the community is at the medium high risk level and so violence will occur in most
cases, while about 47% perceived the minimum high risk level that violence may occur in most cases.About
74% (figure 6) of the commercial motorcyclists perceived that the community is at the minimum high peace
level. From figure 7, we that 5% of the students perceived that the community is at the medium high risk level
and so violence will occur in most cases, while 60% perceived that the community is at the minimum high risk
level and so violence may occur in most cases. Pertaining peace level, 65% (figure 8) of the students perceived
that the community is at minimum high peace level. Figure 9shows that about 63% of farmers perceived that the
community is that minimum low risk level and so violence may not occur in most cases in the community, while
about 38% of the farmers perceived that the community is at the minimum high risk level and that violence may
occur in most cases in the community. From figure 9 we see that about 69% of the farmers perceived that the
community is at the minimum high peace level. About 87% percent (figure 11) of the civil servants perceived
that the community is at the minimum low risk level and that violence may not occur in most cases in the
community. Figure 11 reveals that about 93% perceived that the community is at the minimum high peace
level.73% (figure 13) of the traditional rulers perceived that the community is at the minimum low risk level and
that violence may not occur in most cases in the community. About 82% (figure 14) of the traditional rulers
perceived that the community is at the minimum high peace level.

The result of the questionnaire analysis revealed that the average perception of the residents of Obiaruku
community in Delta State, Nigeria, is that the community is at the minimum low risk level and violence may not
occur in most cases in the community. Thus, the community is not yet at the maximum low risk level where
violence will not occur at all. The Obiaruku community in Delta State, Nigeria should employ the results of this
research work in the community violence management and eradication, so as to ensure that the maximum high
peace level and the maximum low risk level are achieved in the community.

We have shown that violence within a community can be studied theoretically in the mathematical sense, and
the results of these analyses are important guidelines to individuals/organizations that are saddled with the
responsibility of violence/crisis management in a community.
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Appendix 1

CAUSES OF INTRA-COMMUNAL VIOLENCE

Instruction: Please answer the following questions by ticking ONLY the appropriate box provided.
Category: Traditional Ruler , Civil Servant , Student , Commercial Motorcyclist , Business Man/Woman
Farmer , Others (Please specify):

Section 1 (Infrastructural Development)

abrwbdE

Do you have a standard public primary school in your community? Yes No
Do you have a standard public secondary school in your community? Yes No

Do you have a recognized higher institution in your community? Yes No
Are the roads within your community usable by motor owners? Yes No
Do you have good tarred roads that link to your community? Yes No

Section 2 (Injustice)

6. Avre political appointments domiciled in some families in your community? Yes No

7. Has anyone in your family held a political position in your community? Yes No

8. Do all families equally benefit from government resources in your community? Yes No

9. Do all the traditional rulers in your community have good sense of judgment?  Yes No

10. Have you or anybody from your family ever been deprived of a right by members of families?

Yes No

Section 3 (Security Strength)

11. Do you have a standard police station in your community? Yes No

12. Does the police respond promptly and positively when duty calls? Yes No

13. Avre there other security groups apart from the police in your community? Yes No

14. Avre the police able to prevail over all crime scenes in your community? Yes No

15. Do people take hard drugs or smoke weeds in public in your community? Yes No

Section 4 (Threat To Life And Property)

16. Are there cases of robbery, kidnapping, rape or killing in your community? Yes No

17. Has anybody in your family been confronted by civilian(s) with sophisticated weapon(s) in your
community? Yes No

18. Have you ever had a misunderstanding with any person over a right/property within the community?

Yes No

19. Can a person walk freely at night in your community without any harm? Yes No

20. Do you think that a person can be afflicted with sickness or harmed with spiritual powers in your
community? Yes No
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