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and the change of composition ratios affected the correct judgment of its cat-
egory. In this paper, mathematical models and methods such as Chi-square

test, weighted average method, principal component analysis, cluster analysis,
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1. The Problem Restatement

1.1. Problem Background

The Silk Road was the channel of cultural exchange between China and the West
in ancient times. The exotic customs brought by the Silk Road had a subtle in-
fluence on the style of Chinese glass art. The Silk Road running through West
Asia, East Asia, Europe and other places connected various styles along the road
well [1].

The main raw material of glass is quartz sand; the main chemical composition
is silica (SiO,). Considering the high melting point of pure quartz sand, in order

to reduce its melting temperature, the auxiliary use of flux is needed in refining.
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Ancient commonly used fluxes are grass and wood ash, natural natrofoam, salt-
peter and lead ore, and add limestone as a stabilizer, limestone after calcination
into calcium oxide (CaO). Due to the addition of different flux, its main chemi-

cal composition is also different.

1.2. Problems to Be Solved

Now we have a batch of data about ancient Chinese glass products. Based on the
chemical composition of these relics samples and other detection means, arc-
haeologists have divided them into two types: high-potassium glass and lead ba-
rium glass. The classification information of these artifacts is given in Annex
Form 1, and the proportion of the corresponding major component is given in
Annex Form 2 (blank space indicates that the component is not detected). Your
team is requested to conduct analysis and modeling according to the relevant
data in the attachment to solve the following problems:

Question 1: The relationship between the surface weathering of these glass
relics and their glass types, patterns and colors was analyzed. Combined with the
type of glass, the statistical rule of whether there is weathering chemical compo-
sition content on the surface of cultural relics samples is analyzed, and the
chemical composition content before weathering is predicted according to the
detection data of weathering point.

Question 2: Analyze the classification rules of high-potassium glass and
lead-barium glass according to the attached data. Appropriate chemical compo-
nents were selected for each category and subcategorized. Specific classification
methods and results were given, and the rationality and sensitivity of classifica-
tion results were analyzed.

Question 3: Analyze the chemical composition of glass relics of unknown cat-
egory in attached Form 3, identify their type, and analyze the sensitivity of clas-
sification results.

Question 4: Analyze the correlation between chemical components of glass
cultural relics samples of different categories, and compare the differences of the

correlation between chemical components of different categories.

2. Method
2.1. Analysis of Problem 1

Question one is divided into three small questions. The first part requires the
analysis of the relationship between the surface weathering of these glass relics
and their glass types, patterns and colors. First of all, after preprocessing the
problem data, we should use Excel to visualize the data through images, have a
preliminary fuzzy impression of the data, and compare and analyze whether the
surface is weathered or not with the glass type, decoration and color respectively.
Since all the data analyzed were qualitative data types, Chi-square test was ap-
plied to analyze the difference of qualitative data types to explore whether the

glass type, ornamentation and color had a significant impact on weathering.
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The second question is to analyze whether there is statistical rule of weather-
ing chemical composition on the surface of cultural relics samples based on the
type of glass. To solve this problem, we need to analyze the glass types by classi-
fying them into lead barium and high potassium, and make statistical analysis
based on the content of their chemical components.

The third question requires predicting the chemical composition content be-
fore weathering according to the weathering point detection data. After classify-
ing the data in Annex 2 according to the type of glass and whether the glass is
weathered or not, and eliminating the relevant problem data, we analyzed the
data according to the problem. Since the number of relevant samples is not too
large, and some chemical components in the data are not detected and replaced
by 0 value, and there are many kinds of chemical components to be predicted,
we used the weighted average method for prediction. Firstly, normal function is
used to determine the weight of all component data, and weighted average is
used to determine the average trend of each index, so as to predict the compo-

nents before weathering.

2.2. Analysis of Problem 2

Question two is divided into two questions. The first part requires analyzing the
classification rules of high-potassium glass and lead-barium glass according to
the attached data. According to the average results obtained from Question 1
and Question 3, we use the drawing to carry out data visualization processing.
Through the observation of the image, we could obtain the significance of the
difference in the content of different types of glass in whether there is weather-
ing or not, so as to determine the classification rule.

The second question is to select appropriate chemical components for each
category, subdivide them, and analyze the rationality and sensitivity of the clas-
sification results. Considering the change and influence of chemical composition
after weathering, we only select glass relics without weathering for analysis and
classification in this case. Since there are many types of chemical components,
principal component analysis is firstly carried out to determine several indexes
of major components, and then cluster analysis is carried out on the numbering
of glass relics according to these indexes, so as to obtain specific classification
results. Finally, the rationality and sensitivity analysis were carried out by ad-
justing the main chemical components screened out and referring to relevant li-

terature.

2.3. Analysis of Problem 3

Question 3 requires analysis of the chemical composition of glass relics of un-
known category in Form 3, identification of their type, and analysis of the sensi-
tivity of the classification results. This problem requires the establishment of a
binary classification model, which converts the qualitative indicators of high po-
tassium and lead barium into 0 - 1 variables. Based on the results of principal

component analysis obtained in Question 2, linear discrimination is conducted
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by using logistic regression to obtain the results of identification types. When
dealing with this problem, we plan to divide all glass relics of different types into
weathering and non-weathering parts, and carry out the application and treat-
ment of classification model twice, so as to obtain more accurate and detailed
results. After that, we analyzed the sensitivity of the results by adjusting the con-

tent of the main components of the glass relics of unknown category.

2.4. Analysis of Problem 4

Question 4 is divided into two mini-questions. The first part requires the analy-
sis of the correlation between the chemical components of different types of
glass relics samples. Since various chemical components in the data given in
form 2 are blank and not detected, we choose to establish a grey correlation
analysis model, and select the chemical component with a large proportion as
the dependent variable (parent sequence), and other related main components as
the independent variable (subsequence), and carry out grey correlation analysis
on the two types of high potassium and lead barium respectively. The close de-
gree between each index is determined, and the grey correlation coefficient is
obtained for analysis.

The second question is to compare the differences in chemical associations
between different classes. Based on the grey correlation coefficients of the two
categories obtained in the first question, the results can first be compared and
analyzed through literature review, and then the variance test can be conducted
on the two groups of coefficients to compare the significant differences between

them.

3. Model

3.1. Model Assumptions

1) Assume that the data given in the attachment are true and accurate;

2) Assume that the sample glass products are only affected by environmental
weathering, without considering the existence of damage caused by other human
factors;

3) It is assumed that the contents of each chemical component in glass prod-
ucts meet normal distribution;

4) Suppose that the cultural relics with shallow local weathering but still visi-
ble color patterns of cultural relics are marked as non-weathering on the surface;

5) It is assumed that the sum of the proportion of detected components in
Form 2 and the data between 85% and 105% are regarded as valid data.

3.2. Symbol Description

Symbol Description Unit
A Actual observed value 1
T Theoretical inferential value 1
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Continued
Ty Coefficient of correlation between variable x;and x; 1
Yol Resolution coefficient 1
. Comparison of correlation between sequence and reference )
sequence
7 The amount of difference between variables of a given class 1
X Chemical component 7 content 1
Vi The content normalized by normal distribution is used 1

4. Establishment and Solution of the Model
4.1. Establishment and Solution of Problem 1 Model

4.1.1. Data Preprocessing

1) Elimination of invalid data

According to the title, Form 2 gives the proportion of the corresponding main
components, and the sum of the proportion of each component should be 100%,
but the sum of the proportion of components may not be 100% due to the means
of detection and other reasons. In this question, the sum of component propor-
tions and the data between 85% and 105% are regarded as valid data, so the data
will be eliminated outside this range. The results are shown in Table 1.

2) Processing of vacancy data

In the Form 1, the colors of some cultural relics cannot be given, so we cannot
determine them according to the existing information. In order to simplify the
model, we eliminate these vacant data when analyzing the data in the Form 1.

The results are shown in Table 2.

4.1.2. Establishment and Solution of the First Question Model

This problem requires an analysis of the relationship between the surface wea-
thering of these glass relics and their glass types, patterns and colors. Through
the analysis, the data were visualized and then Chi-square test was applied to
analyze the difference of the data.

1) Data visualization processing

Excel was used to map and analyze the surface weathering of glass relics in
terms of glass types, patterns and colors. The images displayed in Figure 1 are as
follows.

From the above chart in Figure 1, we might conclude that:

a) The glass relics of sample B are not weathered, while about half of the glass
relics of sample A and C are weathered.

b) For glass types, most lead-barium glass is weathered, and the weathering
rate of high-potassium glass is relatively small, and the difference between
lead-barium and high-potassium glass is large.

c) The coloring of ancient glass generally depends on the addition of transi-

tion metal elements such as Fe, Co and Mn. These elements exist in ionic state in
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Figure 1. The relationship between the surface weathering of glass relics and its glass
type, ornamentation and color.

Table 1. Excluded data from Form 2.

Cultural relic number Heritage sampling point Total percentage
17 17 71.89
15 15 79.47

Table 2. Excluded data from Form 1.

Cultural relic . Surface
Ornamentation Type Color .
number weathering
19 A Lead Barium - Weathering
40 C Lead Barium - Weathering
48 A Lead Barium - Weathering
58 C Lead Barium - Weathering

glass, and the coloring of glass is determined by the valence state of ions [2]. The
proportion and number of light blue, dark green, purple and light green in wea-
thering and non-weathering are roughly the same, and the proportion of black
and blue green in weathering is larger. The difference of other colors is not ob-
vious, so it can be inferred that whether the surface is weathered or not has little
correlation with color.

2) Chi-square test

Chi-square test is mainly used to compare the difference analysis among cer-

tain variables and to calculate the deviation degree between the actual observed
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value and the theoretical inferred value of the sample [3]. The calculation for-
mula of chi-square test is as follows:
(4-T1)

ZZZZT (1)

where, A is the actual observed value and T'is the theoretical inferred value.

We used SPSS software to conduct chi-square test on the data, and the results
are shown in Table 3.

According to the data in the above table, for surface weathering, the signific-
ance P value of ornamentation is 0.056*, the significance P value of glass type is
0.020**, and the significance P value of color data is 0.507. It can be concluded
that the significant difference between glass type and surface weathering is the
most obvious and has the greatest influence on its weathering, while the color
has the least influence on surface weathering. Through chi-square distribution
test, the results obtained by us are roughly the same as the data visualization

analysis, which makes the results better tested.

4.1.3. Establishment and Solution of the Second Question Model

This problem requires the analysis of the statistical rule of weathering chemical
composition on the surface of cultural relics samples based on the type of glass.
After classifying glass types, SPSS software was used to conduct statistical analy-
sis on the contents of each chemical component, and the mean value, standard
deviation, median value, variance, kurtosis and coefficient of variation (CV)

were calculated.

Table 3. Chi-square distribution test results.

Surface weathering

C ti
Title Name Weathering Total X* orrection
Weathering X
fre
A 11 9 20
Ornamentation B 0 6 6 5747 5747 0.056%
C 13 15 28
Lead barium 12 24 36
Type of glass Hish 5.4 4.134 0.020%*
ypeots '8! 12 6 18
potassium
Light green 2 1 3
Light blue 8 12 20
Dark green 3 4 7
Dark blue 2 0 2
Color 6.287 6.287 0.507
The purple 2 2 4
Green 1 0 1
Blue-green 6 9 15
Black 0 2 2

Note: ***, ** and * represent the significance level of 1%, 5% and 10% respectively.
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4.1.4. Establishment and Solution of the Third Minor Question Model
This problem requires predicting the chemical composition content before wea-
thering according to the weathering point detection data. According to the
problem analysis, because the number of relevant samples is not large, and some
chemical components in the data are not detected and replaced with 0 value, and
there are many kinds of chemical components to be predicted, the weighted av-
erage method were used for prediction [4].

The weighted average method uses several observed values of the same varia-
ble arranged in chronological order in the past and takes the occurrence times of
the chronological variable as the weight to calculate the weighted arithmetic av-
erage of the observed values. This number is used as a trend prediction method
to predict the predicted value of the variable in the future period. The averages
are calculated to take into account changes in long-term trends.

1) Data processing and calibration

Based on the assumption that the composition statistics of all chemical sub-
stances are in normal distribution, namely
X—u

o

X~N(y,o-2),Y: ~N(0,1) 2)

Convert the data to a standard normal distribution and, in the case of a prac-
tical problem, change Y to a positive value. Since the data in column 14 has a
large range of 0 s, in order to simplify programming calculation, the prediction
in column 14 is omitted and 0 is directly taken as the prediction result.

Define the chemical composition of statistics, 13 chemical variables of
X,,X,, ", X, , standardized postscript for y,,,,":-,»,;, weight of wj, k for sam-
ple size.

2) Determine the weight of each chemical component

Standard normal distribution function is used to determine the weight:

e’ 3)

3) Calculate the weighted arithmetic mean

— YW Wy YWy e YW,
yi - k
Zl W

After weighted average of 13 indexes before and after weathering, y, and

(4)

are obtained by using the above formula.

=2 )
i
Define a; for the proportion of the zth, an index before and after weathering
factor, the calculation of weathering before each content.
With weathering finally point data of each chemical indicator on proportion
factor a; so as to forecast the chemical composition of the weathering front.
4) Prediction calculation results

Based on the calculation of the above average weighting method and the prin-
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ciple of MATLAB programming, we obtained the prediction results of the
chemical composition content of each weathering point before weathering.

4.2. Establishment and Solution of Problem 2 Model

4.2.1. Establishment and Solution of the First Question Model

This problem requires the classification law of high potassium glass and lead ba-
rium glass to be analyzed according to the attached data. We divided the glass
into weathering and non-weathering two parts respectively to analyze and com-
pare the classification rules.

According to the comparison of data in the figure above, it can be roughly
concluded that:

1) Among non-weathered glass products, high potassium glass and lead ba-
rium glass can be distinguished mainly according to the components potassium
oxide, lead oxide and barium oxide. The potassium oxide in high potassium glass
is much higher than that in lead barium glass. The composition of barium oxide
and lead oxide in lead-barium glass is much higher than that in high-potassium
glass.

2) In weathered glass products, the distinction between high potassium glass
and lead barium glass can be mainly based on potassium oxide, phosphorus
pentoxide, barium oxide, lead oxide, sulfur dioxide and other chemical compo-
nents. The potassium oxide in high potassium glass is much higher than that in
lead barium glass. However, unlike non-weathered glass products, lead-barium
glass contains sulfur dioxide, tin oxide, barium oxide, lead oxide, and sodium
oxide, which are not detected in high-potassium glass.

To sum up, potassium oxide and barium oxide can be used to distinguish high
potassium glass from lead barium glass. High potassium oxide content can be
divided into high potassium glass, barium oxide content can be divided into lead

barium glass, and vice versa.

4.2.2. Establishment and Solution of the Second Question Model

This problem requires the selection of appropriate chemical components for
each category, subclassification, and analysis of the rationality and sensitivity
of the classification results. Considering the change and influence of chemical
composition after weathering, we divided each category into pre-weathering and
post-weathering subcategories respectively, and established a systematic clustering
model based on principal component analysis and solved the problem.

1) Principal component analysis selecting major chemical components Prin-
cipal component analysis is a dimensionality reduction algorithm that converts
multiple indices into a small number of principal components that are linear
combinations of the original variables and are unrelated to each other. Because
there are many kinds of chemical constituents in this problem, principal com-
ponent analysis is used to reduce the dimension of chemical constituents to sim-
plify the model. The steps of the principal component analysis algorithm are as

follows:
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Step 1: Calculate the correlation coefficient matrix

h s hp
r. r. [ERI 4
21 22 2p
R=| " Do . (6)
Tor Tp2 Top

In Formula (2), 7, (i,j=12,--, p) is the correlation coefficient between the

original variables x; and x; and the calculation formula is

n

Z(xk[ _)_Ci)(xk/ _)_‘./)

7, =——t 7

U \/Zn:(xki —E)QZ(’%‘ -%,)

k-1

Since R is a real symmetric matrix (Ze ry = 1), you only need to calculate its
upper or lower triangular elements.

Step 2: Calculate the eigenvalues and eigenvectors

First characteristic equation solution is |17 — R = 0| and the characteristic val-
ueof 4 (i=1,2,---,p),and make it in order of magnitude, that is,
A 22, 2--22,20; Then, the eigenvector ¢ (i=1,2,---,p). The eigenvalue
and the contribution rate and cumulative contribution rate of each principal
component are calculated from the correlation coefficient matrix.

z; contribution rate of principal component:
P
n) 2 7(i=1.2,+p) (8)
k=1
Cumulative contribution rate:
m y4
Z Yk Z Yk )
k k
Step 3: Calculate the principal component load matrix

P(Zk’xi): ykeki’(i’kzlaz,'“’p) (10)

Thus, the principal component score can be further calculated:

Zn I Zip
Z Z e Z
21 Z; 2p
Z=| . R . (11)
I Zm

Five principal components were extracted by this method, which were silicon
dioxide, sodium oxide, potassium oxide, calcium oxide and magnesium oxide.
Similarly, principal components of other categories can be obtained from this.
The results are shown in Table 4.

2) Establish a systematic clustering model for classification

The algorithm flow of the system clustering model is shown in Figure 2.

In this problem, the clustering number & was set as 2, and SPSS was used to

conduct cluster analysis on the four categories (before high potassium weathering,
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Consider each object as
a class and calculate the
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between two objects
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Deny

" | the new class and
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v

Assign each data
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nearest class

Whether all
classes are finally
erged into one class

Correct

The clustering
result is displayed

Figure 2. Flow chart of system cluster analysis.

Table 4. Results of principal component analysis.

Category

Lead barium is not weathered

Lead barium weathering

High potassium

High potassium weathering

Principal component of chemical substance

Silica, sodium oxide, potassium oxide, calcium oxide,
magnesium oxide

Silica, sodium oxide, potassium oxide, calcium oxide,
magnesium oxide

Silica, sodium oxide, potassium oxide, calcium oxide,
magnesium oxide

Silicon dioxide, potassium oxide

after high potassium weathering, before lead barium weathering and after lead

barium weathering) respectively according to a few principal component indexes

selected in the above principal component analysis, and the clustering spectrum

was obtained, thus obtaining subclass results. The results are shown in Figure 3.

Through the mathematical method of combining principal component analy-

sis and clustering model [5], the classification and sub-classification results of

glass cultural relics were finally obtained in Figure 4.
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Figure 3. Cluster analysis pedigree diagram. (a) Lead barium is not weathered; (b) Lead barium weathering; (c) High potassium
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without weathering; (d) High potassium weathering.

~—— High potassium glass
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8. 26, 48
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56+ 34, 2. 11. 38. 36

Figure 4. Classification results of glass relics.
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4.2.3. Results and Discussion

1) Result test and analysis

a) Rationality analysis

Principal component analysis uses the idea of dimensionality reduction to
transform multiple indicators into fewer comprehensive indicators on the pre-
mise of retaining the original data features, avoiding the interference of redun-
dant information and reducing the influence of subjective factors. Cluster analy-
sis takes the results of each principal component as a new index of evaluation,
and uses the square Euclidean distance and the average join to construct the sys-
tem cluster graph, so as to measure the advantages and disadvantages of various
classes.

It is found that the species with better results in the chemical composition of
glass products cluster together in the same group, which provides a certain
scientific basis and indirectly verifies the rationality of the results of principal
component analysis and cluster analysis. By combining the two methods, this
paper not only simplifies the index in a certain level, avoids the repetition of da-
ta, but also objectively classifies different types of glass according to weathering
or not.

b) Sensitivity analysis

This problem requires sensitivity analysis of classification results. Based on the
results of principal component analysis, we up-regulated and down-regulated
the values of main chemical contents, and compared the changes of the results
before and after. If the results changed after a chemical value was adjusted by
10%, it indicated that the sensitivity of the data to the chemical value was high;
otherwise, if there was no difference before and after the change, it indicated that
the sensitivity of the data to the chemical value was low.

Specific practices: On the basis of the classification of weathering or not, the
main chemical components were increased by 10%, 20%, 30% in turn, and de-
creased by 10%, 20%, 30% to compare the changes in the results before and after.

Similarly, by using SPSS to increase the disturbance by 20% and 30% respec-
tively, it is found that the results are changed, and the accuracy of the results is
100%.

Through the above results, we conclude that increasing and decreasing the
content of each main chemical component has no significant effect on the classi-

fication result, so the sensitivity of the classification result is not high.

4.2.4. Improvement of the Second Minor Question Model

Since the above systematic clustering model based on principal component
analysis is difficult to establish quantitative indicators of known data through
SPSS for rationality analysis, and considering the large errors in the above re-
sults, the accuracy and rationality of the results are somewhat deficient, so we
establish the binary K-means clustering model to improve this problem.

The algorithm steps of binary K-means clustering model are shown in Figure
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Figure 5. Flowchart of binary K-means clustering model algorithm.

This paper takes lead barium weathering as an example to analyze.

1) Significant difference analysis to determine the clustering basis index

We used SPSS software to analyze the significance of each index before clus-
tering, and selected two main indicators as the basis for clustering.

2) Cluster analysis results

SPSS was used for cluster analysis, and the classification results were shown in
Figure 6.

3) Rationality analysis

In the rationality analysis, we use tightness as an index to measure rationality.
The tightness is the average distance from the sample points in each cluster to
the cluster center. For clustering results, it is necessary to use the mean value of
all cluster tightness to measure the quality of clustering results. The smaller the
value of tightness is; the highest similarity of samples in the cluster is. The for-

mula is as follows:
cr =23 il -c| (12)

Combined with the analysis results of SPSS software, the tightness of each
sample value can be obtained in Table 5 and Figure 7.
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Figure 6. Cluster analysis results of lead barium weathering.
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Figure 7. Visualization of Lead-Barium weathering tightness.

Table 5. Cluster tightness.

Number Category Distance from cluster center
50 2 10.96112
51 position 2 2 10.35684
56 2 11.51126
Lead
Barium 57 2 11.51387
weathering
08 1 9.41552
02 2 13.77817
26 Severe weathering point 1 24.02632
Cluster tightness 14.23245

Based on tightness visualization and data analysis, the results of subclass clas-
sification can be well analyzed. Similarly, the average density of 17 clusters in the
four categories of lead barium weathering, lead barium unweathering, high po-
tassium weathering and high potassium unweathering were 14.23, 10.91, 1.19
and 6.04, respectively. The density of the cluster is within 15, and the value of
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high potassium weathering is about 1. According to the smaller the density, the
higher the degree of similarity within the cluster, it can be concluded that the
model has a higher degree of similarity within the cluster, and the clustering re-
sults are reasonable and accurate.

The conclusion and sensitivity analysis of this model can be followed by the
method of the original model, so as to get the relevant results.

4) Comparison of models

Compared with the system clustering model based on principal component
analysis, the dichotomy K-means clustering model can better analyze the ration-
al utilization of the tightness index. At the same time, the algorithm of this mod-
el is simple and express, which can carry out typical significance analysis for dif-
ferent categories. At the same time, the algorithm is more efficient and the re-

sults are more accurate.

4.3. Establishment and Solution of Problem 3 Model

This problem requires analysis of the chemical composition of glass relics of
unknown category in Form 3, identification of their type, and analysis of the
sensitivity of classification results. This problem requires the establishment of a
binary model, and the basic ideas are shown in Figure 8 [6].

4.3.1. Establishment of Binary Model
1) Establish linear probability model (LPM)
In order to simplify the model, this linear probability model directly uses re-

gression model for regression:

Y =Py + Bixy + Poxy +ooo+ Sy + 4 (13)
Convert to vector product form:
vi=xp+u (14)
Establish Determination of
linear _ | chemical composition
probability  |index based on principal
model component analysis
Y
Generate .
dummy _ | Lead barium: y =0
label variable " | hyperkalemia: y = 1
(glass category)
Y — Type is.high
Conduct logical Deny potassium
regression
analysis Correct .
L] Type is lead
barium
Cor}du.ct Change the main chemical
sensitivity " o
. composition by 1.0%
analysis

Figure 8. Thinking of problem 3 model.
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2) Select the connection function
Sigmoid function Hx, B) is introduced as the connection function to connect

the explained variable x with the explained variable y:

F(x,ﬂ):S(x;ﬂ):%

Conclusion by maximum likelihood estimate beta /4 into the formula

(15)

B - (16)
1+€Xp(xi'ﬂ) 1+eﬂ0+ﬂlxi+ﬂzxi+"'+ﬂkxki

( n €xp (xl.'ﬂ) eﬁo+ﬁm+ﬁzxzf+”‘+/}km
A '
¥p)

3) Logical regression analysis for classification

In the case of a given x, consider y distribution probability of two points
P(y:1|x):F(x,ﬁ)
P(y=0|x)=1-F(x,p)

Because E(y|x)=1xP(y=1|x)+0xP(y=0|x)=P(y=1|x).So we can be
y interpreted as “y= 1” probability

(17)

exp(xl.'ﬁ) eﬁo*‘ﬁﬂr*‘ﬁz"‘zﬁ"*ﬁﬁm

1+ exp(x,’,é) 1 + ePo+hsitBaxit -+ Brv

3 =P(y,=11x)=5(xB)= (18)
If $>0.5,is that its predictions y= 1; Otherwise think its predictions y= 0.
We used SPSS software to conduct logistic regression analysis of weathered

and unweathered samples of unknown types according to the existing data, and

based on the main chemical components generated in Question 2. In the case,

we followed [7]. The final classification results are shown in Table 6.

4.3.2. Sensitivity Analysis

This problem requires sensitivity analysis of classification results. Based on the re-
sults of principal component analysis in question 2, we up-regulated and
down-regulated the values of main chemical contents, increased the disturbance

rate, and compared the changes in the results before and after. If the result changes

Table 6. Results of question 3.

Type Cultural relic number Surface weathering
High Potassium Al Weathering free
Lead Barium A2 Weathering
Lead Barium A3 Weathering free
Lead Barium A4 Weathering free
Lead Barium A5 Weathering
High Potassium A6 Weathering
High Potassium A7 Weathering
High Potassium A8 Weathering free
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after a chemical value is adjusted by 10%, it indicates that the sensitivity of the
data to the chemical value is high. On the contrary, if there is no difference be-
fore and after modification, it indicates that the sensitivity of the data to the
chemical value is low.

Specific practices: On the basis of the classification of weathering or not, the
main chemical components were increased by 10%, 20%, 30%, and decreased by
10%, 20%, 30% in turn, and the changes of the results before and after were
compared.

Similarly, by using SPSS to increase the disturbance by 20% and 30% respec-
tively, it is found that the results are changed, and the accuracy of the results is
100%.

Through the above results, we conclude that increasing and decreasing the
content of each main chemical component has no significant effect on the classi-

fication result, so the sensitivity of the classification result is not high.

4.4. Establishment and Solution of Problem 4 Model

4.4.1. Establishment and Solution of the First Question Model

This problem requires the analysis of the correlation between the chemical con-
stituents of different types of glass relics samples. According to the problem
analysis, the model of grey correlation analysis is selected [2].

The basic idea of grey correlation analysis is to judge whether the relationship
is close according to the similarity degree of geometric shapes of sequence
curves. The closer the curves are, the greater the correlation degree among cor-
responding sequences will be; otherwise, the smaller it will be. The calculation
steps are as follows. Step P1: Determine the analysis sequence

Determine the reference sequence that reflects the behavior characteristics of
the system and the comparative sequence that influences its behavior. Mother a
reference sequence (sequence) for Y = {Y(k) |k = 1,2,---,n} ; Compare sequence
(a sequence) for X, = {Xl. (k) | k :l,2,---,n},i =1,2,---,m [8].

According to the background of the problem, the main raw material of glass is
quartz sand, and the main chemical component is silica (SiO,). Therefore, we
choose the content of silica as the reference sequence (parent sequence), and other
components as the comparison sequence (sub-sequence), respectively, to conduct
the correlation analysis between the chemical components of high-potassium glass
and lead-barium glass.

Step 2: Dimensionless variable

Because the data in each factor column in the system may be different in di-
mension, it is not easy to compare or get the correct conclusion when compar-
ing. Therefore, when grey relational degree analysis is performed, dimensionless
data processing is generally required. Since the chemical composition content of
each substance in this question is percentage, dimension has been unified, so
there is no need to carry out dimensionless treatment.

Step 3: Calculate the correlation coefficient

x,(k) and x, (k) correlation coefficient:
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ml_inmkinAi (k)+ pmax mlflei (k)

(19)

gi(k)_ Ai(k)

Which A, (k)= |y(k) —x, (k)| .

+maxmax A, (k)

p>(0,0), called distinguish coefficient. p is smaller, the greater the resolu-

tion.

Step 4: Calculate the correlation degree

Since the correlation coefficient is the correlation degree value between the

comparison series and the reference series at each moment (that is, each point in

the curve), it has more than one number, and the information is too scattered to

facilitate the overall comparison. Therefore, it is necessary to gather the correla-

tion coefficient at each moment into o

ne value, that is, to calculate its average

value, which is expressed as the quantity of correlation degree between compar-

ison series and reference series. The correlation degree r; formula is as follows:

ln
r—n;C

Step5: Sort the correlation degree
If n < n, then the reference series y

Xo.

(k),k=1,2,--,n (20)

is more similar to the comparison series

Calculate the average of various correlation coefficients

SPSS software was used to carry out grey correlation analysis on high-potassium

glass and lead-barium glass respectively.
in Table 7.

Table 7. Results of grey correlation analysis.

, and the correlation degree was obtained

Lead Barium correlation

High Potassium correlation

L Correlation L Correlation Ranking
Evaluation item Evaluation item
degree degree
Alumina (ALO3) 0.953 Alumina (ALO3) 0.932 1
Barium oxide (BaO) 0.936 Copper oxide (CuO) 0.931 2
Phosph toxid
Lead oxide (PbO) 0.934 osphorus pentoxide 4 917 3
(P20s5)
Magnesium oxide (MgO) 0.931  Magnesium oxide (MgO)  0.911 4
Strontium oxide (SrO) 0.924 Potassium oxide (K:O) 0.907 5
Calcium oxide (CaO) 0.921 Calcium oxide (CaO) 0.903 6
Potassium oxide (K.O) 0.92 Iron oxide (Fe20s) 0.897 7
Copper oxide (CuO) 0.915 Lead oxide (PbO) 0.873 8
Iron oxide (Fe,Os) 0911 Tin oxide (SnO) 0.866 9
Sodium oxide (Na,O) 0.9 Strontium oxide (SrO) 0.864 10
Phosphorus pentoxide . .
0.896 Barium oxide (BaO) 0.855 11
(P205)

Tin oxide (SnO3) 0.884 Sulfur dioxide (SO2) 0.85 12
Sulfur dioxide (SO.) 0.882 Sodium oxide (Na.O) 0.849 13
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4.4.2. Establishment and Solution of the Second Question Model
The problem requires a comparison of the differences in chemical composition
associations among different classes.

1) Data visualization comparison

First of all, based on the gray correlation degree of the first question, high po-
tassium and lead barium are compared. The image is Figure 9.

According to the results of the figure above, it can be found that the correla-
tion degree of most chemical components is not much different, and the differ-
ences are mainly reflected in barium oxide, lead oxide, sulfur dioxide and other
substances. According to the background of the problem, the content of lead
oxide and barium oxide in lead-barium glass is high because lead ore is used as
flux. There is high potassium glass with plant ash as the flux which contains high
potassium contents. According to the correlation ranking of the first question, in
addition to the correlation of alumina content ranked the first, the correspond-
ing chemical content of different categories has also been well verified.

2) Paired sample T test

The paired sample T-test belongs to the double population test, which is to
test whether the difference between the average of two samples and the popula-
tion they represent is significant.

Construction statistics:

d - Ho
Sa / Jn
-2

Among them, i=1,---,n, d =
n

—\2
" (d,-d
s, = M for matching the sample standard deviation of this dif-
n—

t=

(21)

pair sample difference of average of

ference, n for matching sample.

This statistic follows a ¢ distribution of n — 1 degrees of freedom under the
null hypothesis that ¢ = g is true.

The above table shows the results of model test, including mean value, stan-
dard deviation, T-value, degree of freedom, P-value of significance, etc:

1) To analyze whether the P-value of each group was significant (P < 0.05 or
<0.01);

0.98

003 e

0.88 \

0.83

\7‘&9% <z>,(:’O Q‘QO @QOO :,,&O (?’O {_9 (})O 0> QO 0- Qv room

(<Q,q, é@’ Qo %0

Bariumlead

Figure 9. Correlation degree comparison.
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2) If it is significant, the null hypothesis is rejected, indicating that there is a
difference between the samples of each pairing; otherwise, it means that there is
no significant difference between the samples of each pairing.

3) Cohen’s d value: the effect size is below 0.20: the effect is too small; 0.20 -
0.50: the effect is small; 0.50 - 0.80: the effect is large; and above 0.80: the effect is
large.

The T-test results of paired samples showed that based on the field high po-
tassium paired lead barium, the significance P value was 0.006***, showing sig-
nificance at the level, rejecting the null hypothesis, so there was a significant dif-
ference between the words high potassium paired lead barium. Cohen’s d value

of the difference range was 0.914, indicating a very large difference range.

5. Conclusions and Prospects
5.1. Advantages of the Model

1) For problem 1, the relationship between indicators can be described more
simply and clearly through data visualization, and the chi-square test is used to
represent the deviation degree between the actual value and the theoretical value
of statistics to reflect the difference, which is convenient and efficient. The
weighted average method is used to predict the trend of the prediction problem,
and the prediction problem with small number of samples but large variation of
indicators is simplified, and the method is relatively novel.

2) For problem 2, we use principal component analysis to synthesize and sim-
plify the preprocessed data, so as to objectively determine the contribution of
different chemical components. Meanwhile, combined with the clustering mod-
el, the calculation is efficient and has certain expansibility. After that, we built a
dichotomous K-means clustering model to improve the reasonable analysis,
making the model easier to understand and more efficient to calculate. Finally,
through the analysis of the rationality and sensitivity of the model, the advan-
tages of the model can be verified.

3) For problem 3, logistic regression is used to directly consider the types of
chemical components without assuming data distribution to avoid problems
caused by inaccurate distribution. Then, binary classification is carried out based
on the linear probability model, which is easy to understand and can solve the
problem well.

4) For problem 4, grey correlation analysis is adopted, which is reliable and
reasonable according to the development trend of data without the requirement
restriction on sample size; moreover, the paired sample T test was used to objec-
tively analyze the diversity of different types, and the results were more in line

with expectations.

5.2. Disadvantages of the Model

1) The system clustering model is greatly affected by abnormal values, and the

results may not be ideal and reasonable enough.
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2) Features cannot be screened by logistic regression itself, resulting in over-

fitting and difficult to deal with uneven data.

5.3. Model Improvement

1) When using the system clustering model, the model can be further opti-
mized and innovated, that is, using the K-Means ++ clustering model or com-
bining it with the dichotomy method, so that the classification results can be
more reliable and the rationality and sensitivity can be tested better.

2) In case of overfitting in logistic regression, cross-validation can be used to
eliminate the influence of chance, and finally an average accuracy rate can be
obtained for each model to further improve the accuracy of classification results.

3) For the sensitivity analysis in questions 2 and 3, the analysis result of
changing the content of each chemical component as the disturbance term is not
very significant, so the disturbance term can be changed to continue the sensi-
tivity analysis. For example, in problem 2, the clustering center of the binary
K-means model can be disturbed by 10% or more of the circumference, the Euc-
lidean distance from the coordinates of the original clustering center point can
be calculated, and the accuracy of the model can be calculated and its sensitivity

can be analyzed by comparing with the real value.

5.4. Model Promotion

Based on data processing and analysis, this model analyzes the relationship be-
tween the surface weathering of glass relics and its glass types and patterns, and
predicts the chemical composition before weathering as well as the classification
rules of different glasses, which can test the rationality sensitivity from the data
analysis results. At the same time, the establishment of grey correlation analysis
method adopted by this model can effectively analyze the correlation difference
of different components, and can also be applied to other glass products, and to
predict and infer their chemical components, so as to promote the development

of archaeology and other disciplines.
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Appendix: Supplementary Materials

Supplementary Materials presents the design, calculation process and methods

of software and programs.
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