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Abstract

In addition to orthogonal polynomials, orthogonal functions also play an important role. Their applications
are, among others, in the fields of signal and data analysis, dynamic modeling. They are related to the
solution of differential equations. In this paper we derive the explicit form of one parameter family of
orthonormal bases on space L?(R™). The bases are formed by eigenvectors of the self-adjoint extension Hg,

parametrized by £ € (0,7), of differential expression H = f% + % together with the spectrum o(Hg)
on the space L*(RT). For each ¢ the set of eigenvectors form an orthonormal basis of L*(R™1). From the
physical point of view, it is a solution of the Schrédinger equation of a harmonic oscillator on a semi-straight
line. To correlate platelet count, splenic index (SI), platelet count/spleen diameter ratio and portal-systemic
venous collaterals with the presence of esophageal varices in advanced liver disease to validate other screening
parameters.
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1 Introduction

Base of orthogonal functions play essential role in functional data analysis [1]. It is observed that the choice of
basis for a given data has an influence on the efficiency of initial data processing.

Another application may be in solving a rational approximation problem using nonlinear parameters see [2].

Orthogonal functions as a eigenfunctions of a generalized second—order differential equation is given in [3].
Well-known orthogonal polynomial systems and orthogonal functional systems are eigenfunctions of differential
equation of form

F@)y” +g(x)y’ + Ay = 0.

A family of orthogonal systems gives some possibilities of using. Moreover, the connection of parabolic cylinder
functions with gamma functions gives a decomposition of gamma functions, and it can be applied to Fourier
transforms as in [4]. This family of orthogonal functions can be used in a similar way as in [5], but in the space
L*(RT). An overview of the use of orthogonal functions can be found in [6].

The Schrédinger operator of perturbed harmonic oscillator acting in the space L2 (R3) can be transformed into
a direct sum of the Schrédinger operators acting on L?(R™) [7]. To calculate the eigenvalues and eigenfunctions
of the operator corresponding to the harmonic oscillator on the half-line, we do not use the Friedrichs extension
as in [8]. Therefore we get the full spectrum of the operator.

The basic examples of quantum mechanics is a quantization the harmonic oscillator. A selfadjoint Hamiltonian
Hp of the one-dimensional linear harmonic oscillator is generated by the differential expression

d? x>

H=——+— 1

dx? + 4 ™)
with appropriate definition domain D. It is known that the operator Hp has a pure point spectrum and its
eigenfunctions form the orthonormal basis in L?(R), and Hp is a unique selfadjoint operator generated by H on
L*(R).

The situation is quite different on L2 (R*1), there is one-parametric set of selfadjoint operators He, & € (0, 7)
with corresponding definition domains D, and with the same differential expression (1) [9]. All these selfadjoint
operators are selfadjoint extensions of the closed symmetric operator H with the domain D = N De.
£€(0,m)
Following the theorem [10] all these extension have the same essential spectrum. As in the case of the operator
He—o, where it applies oess(He=0) = 0, it applies for all operators He, & € (0,7). In other words, for any
& € (0, ) there exist an orthonormal basis formed by eigenvectors of He. The objective of this paper is to derive
explicit form of the orthonormal basis and express o(He).

2 Parabolic Cylinder Functions

Since the core of this paper is parabolic cylinder functions, we first review their properties and the relationships
we will used [11, 12, 13].

The parabolic cylinder functions

Lo /w28 vl oa?  Jm2ts 1—v 3 22
DU = 4 T 1—0 (p T a'9 o - (I) '8 o 2
(z) =e [F(lg”)l (=55 35) NEO 155 5] )
are the solutions of the Weber differential equation [11, 12]
2 2 1
(Gz — 7 TV 3@ =0
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that converge to 0 at +o00. These functions are expressed using gamma functions I' and hypergeometric series
®. Values v € {0,1,2,...} = Ny need special attention, because of

171, =0, F(l_y):oo forv=1,3,5,...
r(%) 2
and L L
——o0, T(—2)=0 forv=0,2,4,....
I'(5) 2

Definition (2) then gives D, (z) = h,(z) known Hermitian functions [11]. For these cases, the parabolic functions
are Hermitian functions, and the orthogonal bases on L*(R") are odd or even Hermitian functions.

The following relations holds for parabolic cylinder functions [11, 13]:

- z)|?dx = ! c(v) = 20(=v) —v) = -~ (=D
| D@ = o) = [y 255 8() > 3)
(note that ¢(v) D, is normalized), and
) 193 (rtutl) 1 1
|| e = T s~ e (1)

3 Family of Orthogonal Functions

The derivation of the family will be formulated in the form of two Theorems. The derivation of this will be
formulated in the form of two sentences. First, we will say two preparatory lemmas. It is known [9] that the
differential expression (1)

d? x?
B=—g=*7
with definition domain ~
D¢ (H) :={f €D, f(0)cos& — f'(0)sin& = 0}, (5)

is a selfadjoint operator on L?(R™) for all € € (0,7), and D = {f f’' € a.c.(0,00) : f,H f, € L*(R*)}

So, if D, will belong to D¢(H) for some v then D, will be an eigenvector of the considered selfadjoint operator
with eigenvalues v + 1/2. Eq. (3) guarantees that D, lies in L*(R™)).

The last condition generates the relationship
D,(0)cos€& — D;,(0)sin€ = 0. (6)
Although, values D, (0) and D, (0) can be calculated using definition (2), we have to distinguish two cases:

1. when v ¢ Ny we obtain

v 1—-v 1
WF(—i)—F(T)—O, W—ECO‘D@ (7)
2. when v € Ny we obtain
h.,(0) cos € — h;,(0) sin¢ = 0. (8)

If v is odd, then h,(0) = 0, h,(0) = 1, and Eq. (8) is fulfilled only if £ = 0. If v is even, then
h,(0) =1, h,(0) =0, and Eq. (8) is fulfilled only if £ = . In both cases, condition (8) is fulfilled by the
set of Hermitian functions {ho, h2, ha,...} and {h1, hs, hs, ...}, respectively. It is known that both sets
form orthonormal bases in L*(RT).
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Eq.(7) has to be solved for v.

First we prove two lemmas.

Lemma 1:

1. fve(@2M-1,2M),M =1,2,... or v <0, then f(—v) >0,
2. fve(2M —2,2M —1),M =1,2,..., then 3(—v) < 0.

Proof:

1. Using the relationship

[e<)

1
Bl =3, (—v+2k)(—v + 2k + 1)

k=0

[11], it is possible to show by elementary calculation that (—v + 2k)(—v + 2k + 1) > 0 for all £k = 0,1,.

ve(@2M-1,2M),M =0,1,...,or v <0.

2. In this case we rewrite the sum S(—v) in the following form:

oo

1 1 1
ﬂ(_y)__5+kzﬂ)—u+k+1+fu+k+2_

oo}

1 1

u_kzzo(—l/-i-k‘-i-l)(—z/—i—k—i—Q)'

L if

For considered values of v € (2M —2,2M — 1), M = 1,2, ... the products (—v + k + 1)(—v + k + 2) are positive,
and therefore all denominators of the members in the previous sum are positive and so 8 < 0 (note that —% < 0).

]
Remark: Comparing functions I'(—v) and S(—v) we have the relationship

sgn(I'(—v)) = sgn(B(-v)), v € R.
It shows that normalization factor c¢(v) (Eq.3)) is correctly defined.

Lemma 2:

1—v
Function y(v) := L@; has the following properties:
2

T(
1. There are asymptotes for vas € {2n 4+ 1jn € No} and lim__, + y(v) = oo, lim _, — y(v) = —oco. Further
as as
lim, 5 — oo y(v) = +00.
2. The set {2n|n € No} consists of all zero points of y.
3. In the intervals (—oo0,1), (M, M 4+ 1), M =0,1,..., y is continuous decreasing function.

Proof:

1. The first assertion is a direct consequence of explicit form [11] of function T

For the remaining assertions it is sufficient to prove that the sequence {y(—2n)|n € Np} is growing and

limy, 00 y(—2n) = +00. As y(—2n) can be expressed as

_Tn+3)  m2n -1
V=2 = —rey T o)
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[11], the assertion can be easily verified.
2. T — function has no zero points. Therefore y(v) = 0 only if [I'(=%)| = o0, i. e. v = 2n.

3. For 3'(v) we obtain

dy(v) 1T(35%)

v 1—v d
dy 92 r(—%) W(‘g) —( B )]s ¥(p) = @L‘%F(M)
Using the relationships
v 1-v 27Vl 1—vw v
v(=5) = U(55) = =2B(-), and T(—) = 2T T(-).

[11] we obtain

— vV __
dv I(—%)?
As T'(—v) B(—v) > 0 (see Remark) the proof is completed. O

The consequence of this Lemma is a Theorem
Theorem 1:

For any n € R and any M € N = {1,2,...} there is just one solution 1/7(,M) of Eq. (7) in the interval Is, where
I = (—o00,1), Inn = (2M - 1,2M +1), M =2,3,...

No further solution of Eq. (7) exists.

Table 1. Example of first 11 values of v,. The columns show the eleven lowest values of v for the

corresponding parameter 1. The PCFs for a given D,, are the first 11 functions of the
orthogonal basis

V_2.18 V—0.51 1Z0] 10.23 10.51 Y0.97 V2.18

0.77051 | 0.399912 -0.311391 | -0.875066 | -2.33401 | -9.95

2.66471 | 2.26065 1.86885 1.71369 1.5141 1.26337
4.59639 | 4.20523 3.90249 3.78578 3.62177 3.36297
6.54652 | 6.1743 5.91892 5.82117 5.67849 5.42659
8.50776 | 8.15402 7.92911 7.84326 7.715227 | 7.47292
10.4764 | 10.1394 10. | 9.93622 9.85874 9.74156 9.50897
12.4503 | 12.1283 12. | 11.9415 11.8704 11.7617 11.5382
14.4281 | 14.1195 14. | 13.9457 13.8795 13.7777 13.5626
16.409 16.1123 16. | 15.9491 15.887 15.7908 15.5834
18.3922 | 18.1062 18. | 17.9519 17.8932 17.8019 17.6014
20.3773 | 20.101 20. | 19.9543 19.8985 19.8113 19.6172

S Rl R

Let €¢ denote the set

M M
Qe = {I/C(Oté, M=1,2,...} £€{0,n), I/C(Oté = y,(7M)7
(we understand Qo = {0,2,4,...}),

and let denote further by & the set
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-2.5 -2.5 2.5 -2.5

Fig. 1. To illustrate: for a given value of the parameter 7, the values of v, are determined by

1-v
the intersections of the line y(v) = n with the graph of the function y(v) = o5 )

r(-%)

e = {C(I/)Dy| Ve Qg}

The set & C De contains all eigenvectors of the selfadjoint operator He, and the set {v + ,v € Q¢} contains
all eigenvalues of He.

Note that orthogonality of two different eigenvectors can bee seen also from the Eq.(4). For different p, v
fulfilling the condition
1—

N(—5)/m(=5) = I(

1—v

5 )/T(=5) =,

which is our case, Eq. (4) is the scalar product in L?>(R") equal to zero. Moreover, the Eq. (3) guarantees that
the eigenvectors are normalized.

We denote further by H the restriction of He to domain

D={feD, f(0)=f'(0) =0} C De(H) C L*R").

Operator H is closed, symmetric with deficiency indices (1,1) [9], and He is a selfadjoint extension of H for any
& € (0, ). Selfadjoint extensions He—o and H¢—z have pure point spectra, which is equivalent to the existence
of orthonormal bases in L*(R™). The basis is in the case De—o(H) = {hont1|n = 0,1,2,...}, and it is in the case
D¢—z(H) = {h2nt1ln=0,1,2,...}. As we mentioned in the introduction, the same is true for all operators He
with any parameter &.

Consequently, one can write theorem

Theorem 2

The set & consisting of eigenvectors of He is an orthonormal basis in L?(R™) for any & € (0,7), and o(Hg) =
{l/ + %, ve Qg}.
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4 Concluding Remarks

The results we present can be translated to the case L?(R™). In this case an orthonormal basis in L*(R™) is

E = {D,|v € Q¢},Du(z) := D,(—2).

These two bases can be combined to the base in L*(R). As L*(R) = L*(R") @ L*(R™). Then for any pair
(€,0) € (0, m) x (0,7) the set & @ &, is a basis in L?(R). Explicitly

Ec®E ={(D,,0), v € Q}U{(0,D,), v € QW}.

Of note, the known orthonormal basis {h,,n = 0,1,...} of L*(R) consisting of Hermitian functions is not
contained in this set. Functions h,, are eigenvectors of selfadjoint operator Hp with definition domain

D = {f, fabsolutely continuous, f, Hf € L*(R)},

and operator Hp is physically interpreted as Hamiltonian of quantum linear harmonic oscillator. It would be
interesting to use these bases for numerical solutions of time—dependent partial differential equations, as in
publications [5]. Gluing the solutions on the positive and negative axes is suitable for solving an asymmetrical
harmonic oscillator and gives the possibility to construct a family of continuous orthogonal functions on L*(R)
[14].

Acknowledgement

All authors acknowledge the financial support from RVO14000 and ”Centre for Advanced Applied Sciences”,
Registry No. CZ.02.1.01/0.0/ 0.0/16-019/0000778, supported by the Operational Program Research, Development
and Education, co-financed by the European Structural and Investment Funds and the state budget of the Czech
Republic.

The authors (G.C., M.H.) thank P. Exner for helpfull discussion.

Competing Interests

Authors have declared that no competing interests exist.

References

[1] Basna R, Nassar H, Podgérski K. J Multivar Anal. 2022;189:104868

[2] Bultheel A,Van Barel M, Van gucht P. Orthogonal basis functions in discrete least-squares rational
approximation, J Comp Appl Math. 2004;164-165:175-194

[3] Kwon KW, Lee DH. Orthogonal functions satisfying a second-order differential equation. J Comp and Appl
Math. 2003;153:283-293.

[4] Chaudhry MA, Zubair SM. On the decomposition of generalized incomplete gamma functions with
applications to Fourier transforms. J Comp Appl Math. 1995;59:253-284

[5] Iserles A, Webb M. A Family of Orthogonal Rational Functions and Other Orthogonal Systems with a
skew-Hermitian Differentiation Matrix. J Fourier Anal Appl. 2020;26:19

[6] Seaborn J B. Orthogonal Functions. In: Mathematics for the Physical Sciences. Springer, New York.
2002:137-177

[7] Chelkak D, Korotyaev E. The Inverse Problem for Perturbed Harmonic Oscillator on the Half-Line with a
Dirichlet Boundary Condition. Ann Henri Poincaré. 2007;8:1115-1150.

101



Chadzitaskos et al.; J. Adv. Math. Com. Sci., vol. 38, no. 11, pp. 95-102, 2023; Article no.JAMCS.109086

(8]
[9]

[10]
[11]

[12]

[13]

[14]

Bonnaillie-Noél V. Harmonic oscillators with Neumann condition on the half-line. Comm Pure Appl Math.
2012;11(6):2221-2237

Blank J, Exner P, Havlicek M. Hilbert Space Operators in Quantum Physics. 2nd edition, Springer. 2008:
127-137.

Weidmann J. Linear Operators in Hilbert Space. Springer Verlag, New York. 1980:246

Gradshteyn IS, Ryzhik IM. Table of Integrals, Series, and Products. 4th edition. Fizmatfiz,
Moskva.1963:7.711, 8.314-372, 9.210-253.

I Gradshteyn I S, Ryzhik I M. ”Parabolic Cylinder Functions” and ”Parabolic Cylinder Functions Dy(z)”
§ 7.7 and 9.24-9.25 in Tables of Integrals, Series, and Products, 6th ed. San Diego, CA: Academic Press,
2000: 835-842, 1018-1021

Temme NM. Parabolic cylinder functions, [DLMF] NIST Digital Library of Mathematical Functions.
Available:https://dlmf.nist.gov/12

Chadzitaskos G, Patera J. Asymmetric harmonic oscillator. arXiv:2204.06415v1. 2022;

© 2023 Chadzitaskos et al.; This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution and repro-
duction in any medium, provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your browser address
bar)

hitps: //www.sdiarticle5.com/review-history/109086

102


http://creativecommons.org/licenses/by/4.0

	Gallery _Proof_2023_JAMCS_109086 - Copy.pdf (p.1)
	Gallery _Proof_2023_JAMCS_109086.pdf (p.2-8)
	Introduction
	Parabolic Cylinder Functions
	Family of Orthogonal Functions
	Concluding Remarks


