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Abstract

This paper is devoted to study the existence of positivatisns for singular seco-orde
periodic boundary value problem with impulse effects. Excsten established via the theory
of fixed point theorem in cones.
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1 Introduction

This paper is devoted to study of the existence of posithetions for the following singular
periodic boundary value problems with impulsive effects:

=X+ Mx= f(t, X, t£t, tOJ
=X |, = 1 (X(L), k=12---,1,
AX o, = 1 (X()), k=12---,1,

x(0) = x(271), X (0)= X (27)

(1.1)

where 0=t,<t, <t,<---<t, <t,,=27,M >0J=[0 27],f OC(Jx R, R),
I, OC(R",R), LOXR, B, R=[0,0),with =% J( X<T,( <% I( ¥ ® R
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m=vM, AX |, = X(§) = X(£).8X, = X )= X ) X6, X(E) (X6, X(t))

denote the right limit (left limit) ofx'(t) and X ) att =t,, f(t,X) may be singular ax=0.

It is well known that there are abundant results aboutettistence of positive solutions of
boundary value problems for second order ordinary diffeleatjgations. Some works can be
found in [1—3] and references therein. They mainly investigated the edthout impulse
actions. Recently, singular Dirichlet boundary problevfissecond order impulsive differential
equations have been studied#h— 6]. Motivated by the work above, this paper attempts toystud

the existence of positive solutions for periodic boundaaiue problems. The techniques we
employ here involve an application of the fixed point theonermoines to second order boundary
value problem with impulse action.

Moreover, for the simplicity in the following discussion, imgoduce the following hypotheses.

(H,): There exists arg, >0 such thatf (t,x) andl,(X) are non increasing iX < &,
for each fixedt J[0, 277]

(H,): Foreachfixed<@<g,, 0< joz” f (s,60))ds< w.

(Hy):
|
2 1°K)
fo4kst k=1 <M,
o2r
© [ f(t,%) ) — i KX =min £0 _1

where f —I|rxniL°thDr[g% =, 17 k) ler?iu 0 =min {55, -5}
G(0)= <2 G(r) = m=+M.

2m( 2m(@™-1) -1’ 2m(€="” 1)’

Theorem 1. Assume that(H,) —(H) are satisfied. Then problem (1.1) has at least one positive

solution X .Moreover, there exists @" >0 such that
x(t) =8¢, t0O[0,2n].
2 Preliminary

In order to define the solution of (1.1) we shall constterfollowing space.

Let J'= IN{t, t,--. 1}
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PC(LR={X0 QL B; %, )0 €& L), €D = &), 0D, k12, }

PC(LR={x0 G | B X, ,0 CL L), D= €).0 KD, K12}

with the norm x|, =t§ou2p]|x(t)| | Aloe = max{ ¥ .| X| ..}-Then PC(I R)
PC'(1, R) are Banach spaces.

Definition 2.1: A functionx 0 PC'(J, Rn C( J, Ris a solution of(L.1) if it satisfies the
differential equation

=X"+Mx= f(t, %, tOJ

and the function x satisfies the conditionsAX'|_, = X(t) = X(%)=—1(Xt))

DX, = X(8) = Xt) =1.(Xt)) and the periodic boundary conditiox§0) = x(277)
X'(0) = X (277).

Lemma2.1: If X is a solution of the equation

K= 7609 (s X9 ds Y 4 )+ 0oL

lep 1:( ),

(2.1)

then X is a solution of (1.1), where G(t, s) is the Greengfion to the periodic boundary value
problem—X"+ Mx =0, x(0)= x(27),X (0)= X (27 and

1 @9 4 g3 0< < <27,
G(t,9:=—= _ -
[ ]ens 4 gner 3)’ O0< t< < 211
herel” = 2m(€™ -1).
One can find that
2e™ €+l
— = _=G(m<G(t9< O)=—————. 2.2
om@ g ovn=Clh9= A0 =5 am Ty o

For every positive solution of problem (1.1), one has

Xoe = Sup X
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Without loss of generality, we assuritiB} | (1) |= || ><1|pc,5D[tK, too], KKXO1,---}, then by
2.2)

aGag

||X||PC—G(0)I f(s X9) dS‘“m{Z Gty ( &N+ Z b=, 1 @ﬂ))}

=Gwﬂ f(s X(9) ds
{Z[em“’ D @] | )+ 3[04 @] M)}

i=k+1

+—{z[ “mE + mECTENTT () + Y [ B0~ g O m)t}

i=k+1

=GO, f(s X9) ds
+%{Z[em‘<““( LOCH) = M (X ) + €DK )+ M & 1»1}

+%{Z [€™ 201 (x(R)) + mi, (X)) + €I D) — mn( & D))]}

It follows from =X 1, (X) <7,(X) <= 1, (X), thatl,(xX)—m,(X) >0, L (X)+ m,;(%>0. So

[Xoe < SO (s X9 d8 25— I K1) 3)

i=1

For anyt (0[O, 277], without loss of generality, we assume thai[t,,t,.,), then

aG(t S

x(®)2 G (s X9 dsz Gt} (m>+z b, TC&D
=G(n)" f(s A9) ds

+£Z[em“'”( LOCD) — (X)) + € VI % 9) + M )]

+—Z [e™ (L) + my(x(§)) + € (L) = M (X D)]

| =k+1

It follows from —-21,(x) <7,(X) <+, (x), that I,(x)—=m[;(XY >0, | (XY)+ m,(3>0.
So
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X2 6] (s X9) dséz &)

i=1

LG, 1 26
250 5O ). f(s x(9)d 2 k)
G 1
2mit S0t Ao = o @4

3 Main Results

Lemma 3.1:Let E = (E,||ﬂ|) be a Banach space and I€t[] E be a cone inE ,and||[” be
increasing with respect t& .Also, I , R are constants wit{d<r <R . Suppose that

A: (g_)R\Qr)n K- K(Qg={x0O E,|| )4| < RB) is a continuous, compact map and assume
that the conditions are satisfied:

() [l AX|]> x for x00Q, [ K
(i) x# LA, for £0[0,1) and x00Q, [ | K

Then A has a fixed point irK ﬂ{XD E: rs||>4| <Rh.
Proof. In applications below, we take = C( 1, R) and define
K={xO0QI,R:X)=20o| A, tJ[0,27}.

One may readily verify thaK is a cone inE . Now, let I >0 such that

r<min(e, A7) [, (s&) dsrrz I(£} 1.

k=1

and letR > r be chosen large enough later.
Let us define an operatoh: (QR\Q,)n K - K by

aG(t S

(MO =]."G(t9 f(s %Y dsZ G.1J ( (xk))+Z oy Tl ), @
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First we show thatA is well defined. To see this, notice thatXf_] (QR\Qr)ﬂ K then
r <|)x| < R and x(t) 2 o||¥|= or,0< t< 277 Also notice by(H,) that

f(t,x(1) < f(t,ro), when0O< X )< 1
and

f(t,x(t))smag{(On;l%xf 6, x) when r< x(tg R

These inequalities witfH,) guarantee tha: (QR\Qr)m K - K is well defined.

Next we show thatA (f)R\Qr)n K - K.If XD(QR\Qr)ﬂ K , then we have

22mﬂ|

[, < GO (s X 3) ds ==Y J( &),

k=1

(W) 2 mirt o 2 | Ak =0 A €027

Le. AXO K so A:(@\2,)[ 1K - K.
It is clear thatA is continuous and completely continuous.

We now show that
IAX|[§,  for x00Q, [ K (3.2)

To see that, lexJ0Q, n K, then||x|| =r and x(t) = or for t O[O0, 277]. So by(H,) and
(3.1) we have

(AY(H) = j G(t9 f(sx ¥ d$Z GL) [ (Xk))+ZOG(t 9

ls-¢ Tl (%)
zG(n)j0 f(s X9) dS‘FZ 1Ck0)
>G(m[" f(s r)ds+%zl_: k("

ZG(H)IOZ” f(seo)ds+%zl_: (&)

>r=lxl.
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so (3.2) is satisfied.

On the other hand, frorfH,) , there existO<& <M — f” andH >r such that
|
(M-e-f")2mr>>" (17 K)+é). (3.3)
k=1

fE,x)<(f"+e)x 1L, (XN <(1"(k)+¢&)x O td[0,2m], x= H.

|
Let C=max maxf ¢ X }Fz max, X ,)itis clear that

r<x<H Ost<2mr =1 r<xsH

f(t,X) < f(t,ro)+C+(f"+&)x 1 (X) < 1 (ro) +C+(1°(K) +&)x O tO[0, 277], x= 0.

Next we show that ifR is large enough thequAx# X for any X[ KﬂaQR and

O< <1 If this is not true ,then there existy 1K ﬂOQR and 0< /4, <1 such that
M A%, = X, Thus|| X, |[F R> r and x,(t) = R Note thatX,(t) satisfies

=X (1) + Mx,(8) = 24, Tt %,(D), to J,
—0x It:tk:/-/olk(xo(tk))’ k=121,
Ax, |t:tk = luOI_k(XO(tk))! k=121, (3.4)
%(0) = %, (277),
X' 0o(0) = X o(277).

Integrate from 0 t@77, using integration by parts in the left side, notice that
2 . I 2
[ 1600 + Mxg(9] dt=>" A%( 1) + M[ " x(} dt
k=1

= oY 1, (8 M [ ()

So we obtain
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M} 06t= 4,37 L0600 4 £ ()
< i (1" (k) + &) %, (L) + Cl +kZ|; [ (ro)
+(1:°° +g)j02”x0(t)dt+ C2ﬂ+j()2n f(t ro)dt
Consequently, we obtain that
M - f°°-e)jj”x()(t)dtsg(lw(k)wm(wjj” f(1 o) dt
+C(l +2n)+§ (o)
< IIXOIIKZ:, (17()+)+ [ £(t,ro)dt

+C(+2m)+> 1, 0)

We also have

2
[ xMdtz ol x 127

Thus

j;ﬂf(t,ra)dt+C(I+27T)+Z|:Ik(ra) B
- =R

1% ll< .
g2nM = 7 -£)=> (1K) +¢€)

Let R> ma*_R H, then for anyx[J K ﬂOQR and0< (<1, we havef/AX# X Hence

all the assumptions of Lemma3.l are satisfied, A has a fixed point X in

K m{XD E:r<||x|l< B, x®y=or 0Ot0O[0,27). Let 8”:=r, this complete the proof
of Theoreml.
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