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Abstract

Motivated to obtain the second critical point of a nonlinear differential equa-
tion, which is expressed by derivatives of convex functional defined on a Ba-

nach space, an estimate with " f " , " f - g|| is given to see the relation between

ft (0) and gt (0). And both the Fréchet differentiability and the continu-

ity of Fréchet derivative of every convex functional defined on an open subset
of a Banach space are shown.
Keywords
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1. Introduction

Many important differential equations are concerned with derivatives of convex
functional defined on real Banach spaces.

This paper’s research is motivated to fined u in a Banach space (X ,||||) such
that

-1 -1

(oo ()} (0)={dy (u)} (0), (LD
where di denotes the Fréchet differential of a functional w and d¢ is the
subdifferential of a lower semi-continuous convex functional ¢ . In general, for
a proper convex functional ¢ and U e X , the subgradients of ¢ at uare the

elements f e X™ satisfying

p(u)<p(w)+f(u-w), vweX,
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and the subdifferential 8(p(u) is the set of all subgradients of ¢ at u(see [1]).
For a most interesting example, put X = L* (Q) , QcR", and

p
dx,we D(p), yx(w):%"w"q. (1.2)

If we can find u as a solution of (1.1) with (1.2), then there is « >0 such that
aU is a critical point of @—w . In this example, to find the second critical
point is very interesting since the mountain pass theorem is not so useful.

The author wants to verify the following assertion.

Assertion 1.1. Fix 1> inf @, p>infy . Assume that there are 5,k >0 sa-
tistying

5, 5 V), dv(v ” 5, (1.3)
=2l =A< o=l oy ol
(V) - fi| <& = |dy (v)| 2k (1.4)

Then, for V&' €0, 5) C(p. A)N{viw(v)= -0} and
C (go, /1) N{v { w(v)> i '} are homeomorphic. Here,
C(pA)={we X :p(w)<i}, 1eR
and atf meansboth a+f and a-pf.
Assertion 1.1 is a kind of Morse lemma in the sense that the contraposition
implies the existence of solutions of (1.1) in the case where C (go, /1) is compact
and y eC'(X) (cf. [2] [3]). In trying to prove Assertion 1.1, the author ob-

tained a number of propositions, and some of them seem to be useful in other

mathematical researches. This paper’s theorems are obtained in such process.

2. Results

Assertion 1.1 is proved if we can define a Lipschitz continuous vector field Z ()
such that the flow (d/dt)v(x,t) =Z (V(X,t)) , V(X,O) =X defines a homeo-
morphism between C (go, /i) N {v (V)= a- 5'} and
C(go,/i)ﬂ{v : y/(v) > [z+5'} . For example, Z () is expected to satisfy the fol-
lowing property.

(@) 1f veC(p,A)N{v:iy (v)> z+0'}, then Z(v)=0.
O If veC(p A)N{v:i-8" <y (v)< ia+(Y2)s'},

,i},then (d/dt) p(v(1)) =0 and (d/dt)y (v(t))=1,

R0 h dy(v) )
2) (uamﬁ “m(uwvn] [udw u]

(b-2)if p(v)e [mlngo A- 5'],then (d/dt)t//(v(t))zl,or

(b-1)if p(v)e

or
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dy (v) '
20)e [udwvuJ [ndw ||]

(b-3)if p(v)e [1 o', ﬂ—%} then Z( ) is continuous with (b-1) (b-2).

(c) If VEC(¢,Z)G{V:;7+?S1//(V)S[z+5'}, Z(v) is continuous with

(a) (b).

In general, we cannot construct a Lipschitz continuous vector field Z()
with (a)-(c). The author has constructed a sequence {Zn ()} such that each
Z () is Lipschitz continuous with the constant L, and that
lim, ., Z, (V)ZEIZOO (V) local uniformly. To do this, assumptions (1.3) (1.4)
play an important role to see

" ap(v) - dy (v) N . .
ole) Ol () e

Here, for we X and Ac X,
dist(w, A): |nf||w &

Hence, in the case where { Ne )} satisfies

||Z -7, )||—>0, local uniformly, (2.2)

then for VX and Vt>0 the convergence V,(Xt)—>3v,(xt) holds and
v, (.,T) is the aimed homeomorphism with some T >0.

The author thinks, at this moment, that (2.2) can be hold if the following as-
sumptions are satisfied.

(i) ¢ iseven, or equivalently —C ((p, l) =C ((p, /1) .

(i) Jp: [0,00) — R such that (o(rW) = p(l’) ,for Vr>0, Ywegp™ (1)

(iii) (i) (ii) together mean that putting ||I’W||Y =r for YWep (1) defines a
norm in the linear space Y = D((o) . Suppose that this norm is uniformly con-
vex and uniformly smooth in Y.

(iv) C(p,4) iscompactin X.

In constructing the sequence {Zn ()} required above, the following theorem
plays important roles, and seems to be useful in many other mathematical re-
searches.

Theorem 2.1. Let X be a real Banach space, and X~ be the dual space of X.
For f,ge X*\{O} and Ve g’l(O),

dist(v, () _|f -g]

M .

In the next two theorems, the differentiability and continuity of derivatives of

(2.3)

convex functionals are shown.
For a moment, we recall definitions of derivatives (cf. Masuda [2]). Let

F:U >W , where V,W are normed vector spaces and Uis an open subset of
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V.
Definition 2.1. (Fréchet derivative) F is called Fréchet differentiable at X e U
if there is a bounded Ilinear operator A:N —W such that
F(x+&)-F(x)—A
jm IEC )P
¢l ]

Equivalently, the first-order expansion holds, in Landau notion
F(x+&)=F(x)+As+0(&).

Definition 2.2. (Giteaux derivative) The Giteaux differential dF (X;f) of F
at xeU inthedirection & eV isdefined as

dF (x;&) = lim Fce)=Fx) _d ¢

70 T T

(x+7¢)

If the limit exists for all & eV , then one calls F is Giteaux differentiable at X.
The Géateaux differential may fail to be linear, unlike the Fréchet derivative.
Even if linear, it may fail to depend continuously on ¢&.
In the following, let ¢: X - R U{+OO} be a lower semi-continuous convex

functional. The set
D(p)={xe X :p(x) < +oo}

is called the effective domain of ¢.
Remark 2.1. For xe D(p), put

Y(x)={£eX:35=05(&)>0such that x+ 52, x- 6 € D(9)}.

Suppose that the Giteaux differential do(X;£) for every direction & €Y (X)
exists. Then, since ¢ isconvex, Y (X) is a linear subspace of X and
de(x; §)|§ev " is linear with respect to & .

Theorem 2.2. Let xeU c D((p). If Uis open in X and ¢ is Giteaux diffe-
rentiable at x, then ¢ is Fréchet differentiable at X .

Remark 2.2, In Theorem 2.2, the openness of U is needed. For example, put

2 . )
o(x)= ||X|| if xeC; =+oo otherwise,
where C is a closed convex subset of X. Then ¢ is a lower semi-continuous

convex functional on X. As is noted in Remark 2.1, the Giteaux differential
d(p(0,§)|§ey(o) exists forall £e€Y (0) and is linear on Y (0) , where

Y(0):={£ e X :35 =5(&) > 0such that 5&,-52 e C}.
If 0 is not an inner point of C, or equivalently Y (0) # X, then ¢ is not
Fréchet differentiable at 0.
Theorem 2.3. Suppose U < D(¢), U is open in X, and ¢ is Fréchet diffe-

rentiable on U. Then the Fréchet derivative of ¢ is continuous on U.

3. Proof of Theorem 2.1

Throughout this paper, the following symbols are used.
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B(z.r)={¢eX:|é-7|<r}, S(zr)={ceX |é-7=r}.
Forany f,geX’, (f—g)" (1) isexpressed by
(f-g)‘1(1)=g[t{f-l(l)ﬂg-l(o)}+(1—t){f-l(o)mg-l(—l)}}. (3.1)
Let veg™(0)NS(0,1). Take @eR such that ave(f-g) (1). Then,
since aveg™(0),
ave(f-g)"(1)Ng™(0).
Noting the relation g™ (0)Ng™(-1)=@ in (3.1) implies
ave(f-g) (HNg™(0)=f*(2)Ng™(0). (32)
Since f7(0) is a linear subspace, dist(av, f™*(0))=|e|dist(v, f*(0)) .
Therefore,

st £(0) =dist{av, £ (0)) =ladis(v. £(0))

On the other hand, the relation av e ( f-g )7l (l) implies

o] = ] dist (0, (F —g)* (1)) = ﬁ

Thus, Theorem 2.1 is proved.

4. Proof of Theorem 2.2

Let U, be an open subset of Usatisfying XeU, c U_0 cU.
We verify that the linear functional de(X; ) is bounded. For 4R, put

C((p;/l):z{XGU_O:go(x)s/I}.
Since @ is lower semi-continuous, C(@;4) is closed in U, . By Baire cate-
gory theorem, the inclusion relationship | J  C(@;n)=U, implies that, for
some n; €N, C(¢;n,) hasan inner point. Therefore, {d(p(x;.)}_l(n0 -o(x))
is not dense in X. Hence also {d¢(x;.)} (0). This means that {de(x;.)}  (0)

is closed in X, or equivalently, d¢7(X; ) is bounded (cf. Rudin [4]).

Now, put
O(&)=p(x+&)—p(x)-dp(x;&), &eU;=—x+U,.
Since @ is lower semi-continuous convex functional on U_1 satisfying

rrJTllncI):cb(O):O,

the Fréshet differentiability at X is proved if for each &>0 there is
5=5(&)>0 such that

®(&)<e, £eB(0;0). (4.1)

To see this, fixany &>0. Put
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C,(0;4)={£eU,: (&)< ).

Since C,(®;ne)cnC,(®;¢) and |J,_ C(P;ine)=U,,
1

U, NC,(®;&)=U, . Thus, Baire category theorem implies that C,(®;&) has
an inner point z,. Take p, >0 suchthat B(z;p)cC (®;¢).

If 0eB(z;p,), then taking §>0 such that B(0,6)c=B(z;p) implies
(4.1). Hence, the proof is finished.

In the case where 0¢ B ( z; p) , take the following closed cone.

K ::{Kf:KSO,ﬁfe E(Zl;pl)}.

Then, taking C,(®;4)NK instead of C (®;4) in the same discussion im-
plies that there is an open ball B(Z,;p,)<C,(®;¢)NK. Since C,(®;¢) is

convex, the convex hull
{t& +(1-1)&,:4 €B(2, ). & €B(2,,p,), t €[0,1]}

is an open subset of C, (CD; 8) ,and 0 is included. Thus, Theorem 2.2 is proved.

5. Proof of Theorem 2.3

Suppose that the result is not true. Then, there are v, and a sequence {Vk} in
U'such that for some o6 >0

v, >V, ”dgo(vk )—do(v, )|| > 36.

For each & there is W, €S(0,1) satisfying {d(o(vk)—dgo(vw)}(wk)>35.
Hence, forall h>0,

o (v +hw ) = o(v )+do(v ) (hw )= @(v, ) +de(v, ) (hw )+3hs  (5.1)

where in the first inequality, the convexity of ¢ is used.

On the other hand, since ¢ is Fréchet differentiable at v_,
o(V +hw, ) =o(v, ) +de(v, ) (v +hw =V, ) +0(v, +hw, v, ),
(v )=o0(v,)+de(v, ) (v =V, )+0(V, -V, ).
Thus, (5.1) implies
o(v, +hw, -V, )>0(v, -V, )+3hs. (5.2)

Take h>0 such that
o .
ol <2l it <20

Then, taking & such that ||Vk —Vw||< h in (5.2) yields that &> 25, which is a
contradiction. Therefore, the aimed result is true.

Conflicts of Interest

The author declares no conflicts of interest regarding the publication of this paper.

References

[1] Barbu, V. (1976) Nonlinear Semigroups and Differential Equations in Banach Spac-

DOI: 10.4236/am.2022.139047

758 Applied Mathematics


https://doi.org/10.4236/am.2022.139047

H. Okochi

(3]

(4]

es. Springer, Softcover. https://doi.org/10.1007/978-94-010-1537-0
Masuda, K. (2012) Handbook of Applied Analysis. Maruzen Publishing, Tokyo. (In
Japanese)

Palais, R.S. and Smale, S. (1964) A Generalized Morse Theory. Bulletin of the Lon-
don Mathematical Society, 70, 165-172.
https://doi.org/10.1090/S0002-9904-1964-11062-4

Rudin, W. (1991) Functional Analysis. McGraw-Hill, Hamburg.

DOI: 10.4236/am.2022.139047

759 Applied Mathematics


https://doi.org/10.4236/am.2022.139047
https://doi.org/10.1007/978-94-010-1537-0
https://doi.org/10.1090/S0002-9904-1964-11062-4

	An Estimate on Linear Functionals’ Kernels in Banach Spaces, and Regularity of Convex Functionals
	Abstract
	Keywords
	1. Introduction
	2. Results
	3. Proof of Theorem 2.1
	4. Proof of Theorem 2.2
	5. Proof of Theorem 2.3
	Conflicts of Interest
	References

