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1. Introduction

In noncommunicative algebra and algebraic geometry, sometimes one has to establish
some relations between two graded algebras over different groups, respectively; for exam-
ple, a certain equivalence of some quotient categories of modules over graded rings with
different group gradings (cf. [1,2]). Del Rio, in [3], established a Morita type equivalence
between categories of graded modules over graded rings with different group gradings.
However, a derived equivalence between graded rings with different group gradings is
still missing. In this paper, we focus our attention on the derived equivalences of derived
categories of graded rings with possible different group gradings.

Throughout this paper, G and Ω will denote two multiplicative groups. Let R and S
be two ungraded rings. In [4], Rickard showed that R and S are derived as equivalent if
and only if R is isomorphic to the endomorphism ring of a tilting complex over S. Let A
and B be two G-graded rings. Then, the derived equivalence of A and B, which preserves
gradings, follows easily from Rickard’s theorem (cf. [5]). However, if the equivalence
does not preserve gradings, or if A and B are graded rings over different groups, then
the problem is subtle. To establish the equivalences of categories of graded modules
over A and B, where A and B are graded rings over different groups, Del Rio introduced
two functors between categories of graded modules in [3]: −⊗gr

A P : Gr-A → Gr-B and
(−)P

∗ : Gr-B→ Gr-A, for a bigraded A-B-bimodule P. The functor −⊗gr
A P is left adjoint to

(−)P
∗ and every pair of adjoint functors between Gr-A and Gr-B is of this form. We extend

these functors to the derived categories of graded rings and then give a description of the
equivalences of these derived categories.

For this purpose, we proceed as follows. We first review the basic facts on the cat-
egories of graded modules in Section 2. In Section 3, we define two derived functors
LF : D(Gr-A)→ D(Gr-B) and RH : D(Gr-B)→ D(Gr-A). We prove that LF is left adjoint
to RH. These derived functors will play a central role in the rest of the paper. Then,
in Section 4, we give a description of derived equivalences of graded rings in Theorem 1.
In the last part of the paper, we give the following applications of Theorem 1.

(1) We give a characterization of when the functors of derived categories of graded
modules are graded functors;

(2) For a subgroup G′ of G, let A =
⊕

g∈G Ag and A(G′) =
⊕

g∈G′ Ag be two graded rings.
We provide a characterization of when the two graded rings are derived as equivalent
to each other;
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(3) We provide a characterization of when a derived category of graded modules is
equivalent to a derived category of ungraded modules.

2. Notations and Preliminaries

Let G be a group. For a G-graded ring A =
⊕

g∈G Ag, Gr-A will denote the category of
right G-graded A-modules and A-Gr will denote the category of left G-graded A-modules.
Mod-A will denote the category of right A-modules. Proj-A will denote the full subcategory
of Gr-A containing all of the projective modules in Gr-A and proj-A will denote the full
subcategory of Gr-A containing all of the finitely generated projective modules in Gr-A.

Given a right G-graded A-module M =
⊕

g∈G Mg, for h ∈ G, (h)M will denote the
right G-graded A-module whose component of degree g is Mhg, and IdM will denote
the identity morphism of M. For m ∈ M and g ∈ G, we write mg for the homogeneous
component of m of degree g. Similarly, if N ∈ A-Gr and n ∈ N, we write gn for the
homogenous component of n of degree g. For every g ∈ G, πM

g will denote the map from
M to Mg such that πM

g (m) = mg for every m ∈ M (cf. [6,7]).
Let A be a G-graded ring and B be an Ω-graded ring. A bigraded (A, B)-bimodule

is an (A, B)-bimodule with a decomposition into a direct sum of additive subgroups
N =

⊕
g∈G,σ∈Ω gNσ so that Ag · hNσ · Bτ ⊆ ghNστ for g, h ∈ G and σ, τ ∈ Ω,.

In [3], Del Rio constructed the graded tensor products of graded modules in the
following way: Let A =

⊕
g∈G Ag be a G-graded ring. Given M ∈ Gr-A and N ∈ A-Gr,

let [M, N] be the subgroup of M ⊗A N generated by {mg ⊗ n− m⊗ g−1 n | m ∈ M, n ∈
N, g ∈ G}. Then, the graded tensor product of M and N is the quotient additive group
M ⊗gr

A N = (M ⊗A N)/[M, N]. For every m ∈ M, n ∈ N, m⊗gr n will denote the class
in M⊗gr

A N containing m⊗ n. In particular, if B is an Ω-graded ring and N is a bigraded
(A, B)-bimodule, then M⊗gr

A N is a graded right B-module whose component of degree σ

is M⊗gr
A (Nσ), for σ ∈ Ω. Thus, −⊗gr

A N is a functor from Gr-A to Gr-B defined by

(−⊗gr
A N)(M) = M⊗gr

A N,

for M ∈ Gr-A, and
(−⊗gr

A N)( f ) = f ⊗gr
A N,

for f ∈ HomGr-A(M, L), M, L ∈ Gr-A, where f ⊗gr
A N is a morphism in Gr-B from M⊗gr

A N
to L⊗gr

A N defined by

( f ⊗gr
A N)(m⊗gr n) = f (m)⊗gr n, for all m ∈ M, n ∈ N.

Proposition 1 ([3], Lemma 1). Let A =
⊕

g∈G Ag be a graded ring. Let N ∈ A-Gr. Given
g ∈ G, there exists an isomorphism α : ((g)A) ⊗gr

A N → gN such that, for a ∈ ((g)A)h and
n ∈ l N,

α(a⊗gr n) =
{

an ∈ gN, h = l−1.
0, h 6= l−1.

Let A =
⊕

g∈G Ag and B =
⊕

σ∈Ω Bσ be two graded rings. Given a bigraded (A, B)-
bimodule N and a graded right B-module L, consider HomGr-B(gN, L) as a subset of
HomGr-B(N, L) for every g ∈ G. Then,

⊕
g∈G HomGr-B(g−1 N, L) is a graded right A-module

and
⊕

g∈G HomGr-B(g−1 N,−) is a functor from Gr-B to Gr-A.

Proposition 2 ([3], Proposition 2). Let A =
⊕

g∈G Ag and B =
⊕

σ∈Ω Bσ be two graded rings.
Let N be a bigraded (A, B)-bimodule. Then,−⊗gr

A N is the left adjoint of
⊕

g∈G HomGr-B(g−1 N,−).

3. Functors between Derived Categories of Graded Rings

Given an abelian category A, C(A) will denote the category of the complexes of A,
K(A) will denote the homotopy category of A and D(A) will denote the derived category
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of A. Given a complex P = (Pn, dn) in C(A), P[i] will denote the complex whose nth

component is Pn+i and nth differential is (−1)i · dn+i.
Let A =

⊕
g∈G Ag and B =

⊕
σ∈Ω Bσ be two graded rings. Given a complex T =

(Ti, di
T) of bigraded (A, B)-bimodules, F = − ⊗gr

A T : C(Gr-A) → C(Gr-B) is a functor
defined by

(FP)n =
⊕

i+j=n
Pi ⊗gr

A T j,

dn
FP = ∑

i+j=n
(di

P ⊗
gr
A IdTi + (−1)i IdPi ⊗gr

A dj
T),

(F( f ))n = ∑
i+j=n

f i ⊗gr
A IdT j ,

for P = (Pn, dn
P), Q ∈ C(Gr-A) and f = { f n} ∈ HomC(Gr-A)(P, Q).

Given P1 = (Pi
1, di

1), P2 = (Pi
2, di

2) ∈ C(Gr-A) and f = { f n}, h = {hn} ∈
HomC(Gr-A)(P1, P2). If f and h are chain homotopic, that is, for every n ∈ Z, there ex-
ists sn ∈ HomGr-A(Pn

1 , Pn−1
2 ), such that

f n − hn = dn−1
2 sn + sn+1dn

1 .

Let rn = ∑i+j=n si ⊗gr
A IdT j ∈ HomGr-B((FP1)

n, (FP2)
n−1); then, we have

(F f )n − (Fh)n = ∑i+j=n( f i − hi)⊗gr
A IdT j

= ∑i+j=n(d
i−1
2 si + si+1di

1)⊗
gr
A IdT j

= ∑i+j=n(d
i−1
2 si ⊗gr

A IdT j + (−1)i−1si ⊗gr
A dj

T)

+∑i+j=n(si+1di
1 ⊗

gr
A IdT j + (−1)isi ⊗gr

A dj
T)

= dn−1
FP2

rn + rn+1dn
FP1

.

Thus, f and h being homotopic in C(Gr-A) implies F f and Fh being homotopic in
C(Gr-B). Hence, F = − ⊗gr

A T induces a functor from K(Gr-A) to K(Gr-B) that will be
denoted by the same symbol.

Given Q1 = (Qi
1, δi

1), Q2 = (Qi
2, δi

2) ∈ C(Gr-B), let Hom•Gr-B(Q1, Q2) denote the
complex whose nth component is

Homn
Gr-B(Q1, Q2) = ∏

i∈Z
HomGr-B(Qi

1, Qi+n
2 ),

and nth differential is dn, such that, for every f = { f i} ∈ Homn
Gr-B(Q1, Q2) with f i ∈

HomGr-B(Qi
1, Qi+n

2 ),
dn f = {(dn f )i} ∈ Homn+1

Gr-B(Q1, Q2),

where (dn f )i = δi+n
2 ◦ f i − (−1)n f i+1 ◦ δi

1 ∈ HomGr-B(Qi
1, Qi+n+1

2 ). In particular, if Q1 is
a complex of bigraded (A, B)-bimodules, then

⊕
g∈G Hom•Gr-B(g−1 Q1, Q2) is a complex of

graded right A-modules.
Therefore, for every bigraded (A, B)-bimodule T, we can define a functor H =⊕

g∈G Hom•Gr-B(g−1 T,−) from C(Gr-B) to C(Gr-A). Similarly, two morphisms f and h
being homotopic in C(Gr-B) implies H f and Hh being homotopic in C(Gr-A). Hence, H
induces a functor from K(Gr-B) to K(Gr-A) that will be denoted by the same symbol.

Similar to Proposition 2, we have the following result.

Lemma 1. Let A =
⊕

g∈G Ag and B =
⊕

σ∈Ω Bσ be two graded rings. Let T be a complex of
bigraded (A, B)-bimodules, then the functors

F = −⊗gr
A T : K(Gr-A)→ K(Gr-B)
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and
H =

⊕
g∈G

(Hom•Gr-B(g−1 T,−)) : K(Gr-B)→ K(Gr-A)

defined above are an adjoint pair.

A complex P in K(Gr-A) is called a homotopically projective complex if, for every acyclic
complex E in K(Gr-A), HomK(Gr-A)(P, E) = 0. Let Khproj(Gr-A) denote the full subcate-
gory of K(Gr-A) containing all of the homotopically projective complexes. Then, by ([8],
Section 4.5), there exists an equivalent functor p : D(Gr-A) → Khproj(Gr-A) such that,
for M ∈ D(Gr-A), p(M) is a homotopically projective resolution of M. Consider p
as a functor from D(Gr-A) to K(Gr-A); then, p is left adjoint to the quotient functor
QA : K(Gr-A)→ D(Gr-A).

Similarly, a complex I in K(Gr-A) is called a homotopically injective complex if, for every
acyclic complex E in K(Gr-A), HomK(Gr-A)(E, I) = 0. Let Khinj(Gr-B) denote the full
subcategory of K(Gr-B) containing all of the homotopically injective complexes. Then,
there exists an equivalent functor i : D(Gr-B)→ Khinj(Gr-B) such that, for M ∈ D(Gr-B),
i(M) is a homotopically injective resolution of M. Consider i as a functor from D(Gr-B) to
K(Gr-B); then, i is right adjoint to the quotient functor QB : K(Gr-B)→ D(Gr-B).

We can define the derived functors LF and RH by LF = QB ◦ F ◦ p and RH =
QA ◦ H ◦ i; then, LF is a functor from D(Gr-A) to D(Gr-B) and RH is a functor from
D(Gr-B) to D(Gr-A) (cf. [9]).

Lemma 2. (LF, RH) is an adjoint pair.

Proof. Suppose P ∈ D(Gr-A) and Q ∈ D(Gr-B); then, there exist natural isomorphisms,

HomD(Gr-B)(LF(P), Q) ∼= HomK(Gr-B)(F(p(P)), iQ)
∼= HomK(Gr-A)(p(P), H(iQ))
∼= HomD(Gr-A)(P, RH(Q)).

Hence, (LF, RH) is an adjoint pair. �

4. The Main Theorem

Let A =
⊕

g∈G Ag and B =
⊕

σ∈Ω Bσ be two graded rings. Let T be a complex of
bigraded (A, B)-bimodules and Q be a complex of graded right B-modules. We have shown
that

⊕
g∈G Hom•Gr-B(g−1 T, Q) is a complex of graded right A-modules. Similarly, we can con-

sider HomD(Gr-B)(g−1 T, Q) as a subgroup of HomD(Gr-B)(T, Q) for every g ∈ G, since g−1 T
is a subcomplex of T. Then,

⊕
g∈G HomD(Gr-B)(g−1 T, Q) is a subgroup of HomD(Gr-B)(T, Q).

Thus,
⊕

g∈G HomD(Gr-B)(g−1 T, Q) has a graded right A-module structure.
Let per(Gr-A) be the full subcategory of D(Gr-A) containing all of the complexes that

are quasi-isomorphic to the complexes in Kb(proj-A).

Lemma 3 ([10], Section 8.1.3). Let A =
⊕

g∈G Ag be a G-graded ring; then, a full triangulated
subcategory of D(Gr-A) equals D(Gr-A) if and only if it contains (g)A for all g ∈ G and is closed
under forming infinite direct sums.

Now, we can characterize the equivalence of derived categories of graded modules,
which does not preserve gradings.

Theorem 1. Let A =
⊕

g∈G Ag and B =
⊕

σ∈Ω Bσ be two graded rings. Given a complex T
of bigraded (A, B)-bimodules, let F denote the functor −⊗gr

A T from K(Gr-A) to K(Gr-B) and
let H denote the functor

⊕
g∈G(Hom•Gr-B(g−1 T,−)) from K(Gr-B) to K(Gr-A). The following

conditions are equivalent.
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(i) LF : D(Gr-A)→ D(Gr-B) is an equivalence of triangulated categories;
(ii) LF : per(Gr-A)→ per(Gr-B) is an equivalence of triangulated categories;
(iii) The object T =

⊕
g∈G gT satisfies

(a) For every h ∈ G, (h)A is isomorphic to
⊕

g∈G HomD(Gr-B)(g−1 T, hT) as graded
right A-modules and HomD(Gr-B)(gT, hT[n]) = 0 for all g, h ∈ G and all n 6= 0;

(b) For every g ∈ G, gT ∈ per(Gr-B);
(c) The smallest full triangulated subcategory of D(Gr-B) containing {gT}g∈G and

closed under forming direct summands equals per(Gr-B).

Proof. (i) ⇒ (ii) Suppose P ∈ D(Gr-A); then, by ([11], Proposition 6.3), P ∈ per(Gr-A)
if and only if the functor HomD(Gr-A)(P,−) commutes with infinite direct sums. Thus,
the condition that LF : D(Gr-A) → D(Gr-B) is an equivalence of triangulated categories
implies LF : per(Gr-A)→ per(Gr-B) is an equivalence of triangulated categories.

(ii)⇒ (iii) If LF : per(Gr-A) → per(Gr-B) is an equivalence, then, for every g, h ∈ G
and every n ∈ Z, we have the following natural isomorphisms,

HomD(Gr-A)((g)A, ((h)A)[n])
∼= HomD(Gr-B)(LF((g)A), LF(((h)A)[n]))
∼= HomD(Gr-B)(((g)A)⊗gr

A T, (((h)A)[n])⊗gr
A T)

∼= HomD(Gr-B)(gT, (hT)[n]).

Thus, for every g, h ∈ G and every n 6= 0, HomD(Gr-B)(gT, (hT)[n]) = 0, and we have
the following isomorphisms of right graded A-modules for every h ∈ G,

(h)A ∼=
⊕

g∈G Ahg
∼=

⊕
g∈G HomD(Gr-A)((g−1)A, (h)A)

∼=
⊕

g∈G HomD(Gr-B)(g−1 A⊗gr
A T, h A⊗gr

A T)
∼=

⊕
g∈G HomD(Gr-B)(g−1 T, hT),

where the third isomorphism being the graded A-module morphism follows from the
definition of LF and the last isomorphism being the graded A-module morphism follows
from Lemma 1.

Condition (b) holds since LF carries per(Gr-A) to per(Gr-B). Condition (c) holds
since the smallest full triangulated subcategory of D(Gr-A) containing {(g)A}g∈G and
closed under forming direct summands equals per(Gr-A).

(iii)⇒ (i) Let θ = RH ◦ LF. Since (LF, RH) is an adjoint pair, LF is fully faithful if and
only if the adjunction morphism ϕP : P → θ(P) is an isomorphism for all P ∈ D(Gr-A).
Let U be the full subcategory of D(Gr-A) containing all of the objects on which ϕ are
isomorphisms. By condition (iii) (a), we have the following isomorphisms in D(Gr-A),
for every h ∈ G,

θ((h)A) =
⊕

g∈G RHom•Gr-B(g−1 T, (h)A⊗gr
A T)

∼=
⊕

g∈G RHom•Gr-B(g−1 T, hT)
∼=

⊕
g∈G HomD(Gr-B)(g−1 T, hT)

∼= (h)A.

Therefore, U contains (h)A for all h ∈ G.
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Suppose U contains X, Y and X → Y → Z → X[1] is a distinguished triangle in
D(Gr-A); then, θ(X) → θ(Y) → θ(Z) → θ(X[1]) is a distinguished triangle since LF and
RH are triangulated functors. Thus, we have the commutative diagram

X u //

ϕX

��

Y v //

ϕY

��

Z w //

ϕZ

��

X[1]

ϕX[1]

��
θ(X)

θ(u) // θ(Y)
θ(v) // θ(Z)

θ(w) // θ(X[1]).

Since ϕX, ϕY and ϕX[1] are isomorphisms, we have ϕZ as an isomorphism. Then, U
contains Z. Thus, U is a triangulated subcategory of D(Gr-A).

Suppose I is an infinite set and Pi ∈ U for all i ∈ I. Then,

θ(
⊕

i∈I Pi) =
⊕

g∈G RHom•Gr-B(g−1 T, (
⊕

i∈I Pi)⊗
gr
A T)

∼=
⊕

i∈I(
⊕

g∈G RHom•Gr-B(g−1 T, Pi ⊗
gr
A T))

=
⊕

i∈I θ(Pi).

Therefore, U is closed under infinite direct sums. By Lemma 3, U is equal to D(Gr-A).
Thus, LF is fully faithful.

Let ImLF be the triangulated subcategory of D(Gr-B) such that each object M of ImLF
is isomorphic to LF(N) for some N ∈ D(Gr-A). Then, ImLF is closed under infinite direct
sums, since D(Gr-A) is closed under infinite direct sums. For every g ∈ G, LF((g)A) ∼= gT;
therefore, gT ∈ ImLF. Then, per(Gr-B) is a subcategory of ImLF and, in particular, (σ)B ∈
ImLF for all σ ∈ Ω. Thus, by Lemma 3, ImLF is equal to D(Gr-B) and, then, LF is a dense
functor. Hence, LF : D(Gr-A)→ D(Gr-B) is an equivalence of triangulated categories. �

Remark 1. We remark that the derived equivalences of graded algebras over different groups are
subtle. For example, let A be a finite dimensional algebra. Let TA be a finite dimensional tilting
module; that is, TA has a projective dimension not larger than 1, Exti

A(T, T) = 0 for i 6= 0, there is
an exact sequence 0→ A→ T1 → · · · → Tn → 0 for some n ≥ 1 and Ti is a direct summand of
a direct sum of copies of T for all i = 1, . . . , n (see ([10], Definition 3.11)). Let B be a Z2-graded
algebra with B0 = A and B1 = 0. Let T = T ′ ⊕ T ′′, where T ′0 = T and T ′1 = 0, and T ′′0 = 0
and T ′′1 = T. Then, T is a right Z2-graded B-module satisfying the conditions in Theorem 1 (iii).

Let C = EndA(T). Then, the Z2-graded algebra B is derived as equivalent to
(

C 0
0 C

)
.

5. Applications

Let A =
⊕

g∈G Ag be a G-graded ring. For every g ∈ G, we can define a g-suspension
functor SA

g : Gr-A→ Gr-A by, for all P ∈ Gr-A,

SA
g (P) = (g)P,

and for all f ∈ HomGr-A(P, Q),
SA

g ( f ) = f .

Given M = (Mn, dn), N = (Nn, δn) ∈ K(Gr-A), f ∈ HomK(Gr-A)(M, N), let SA
g (M)

denote the complex ((g)Mn, dn) and let (SA
g ( f ))n = f n. Then, SA

g is a functor from
K(Gr-A)(resp. D(Gr-A)) to K(Gr-A)(resp. D(Gr-A)).

A functor F from K(Gr-A)(resp. D(Gr-A)) to K(Gr-B)(resp. D(Gr-B)) is said to be a
graded functor if, for all g ∈ G, F ◦ SA

g is naturally isomorphic to SB
g ◦ F.

Let A =
⊕

g∈G Ag and B =
⊕

g∈G Bg be two G-graded rings. Given a graded (A, B)-
bimodule P and a graded right A-module Q, Q⊗A P is a G-graded right B-module by
putting (Q⊗A P)g, g ∈ G, equal to the additive subgroup of Q⊗A P generated by elements
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q⊗ p with q ∈ Qh, p ∈ Pl such that hl = g. Then, −⊗A P is a graded functor from Gr-A to
Gr-B.

Let A =
⊕

g∈G Ag and A′ =
⊕

g∈G A′g be two G-graded rings. Given a graded (A, A′)-
bimodule M =

⊕
g∈G Mg , we define a bigraded (A, A′)-bimodule M̂ =

⊕
g,h∈G g Mh in the

following way: For g, h ∈ G, let g M̂h = Mgh. The multiplication of A and A′ on M̂ is the
same as those on M.

Lemma 4 ([3], Lemma 8). Let A =
⊕

g∈G Ag and B =
⊕

g∈G Bg be two graded rings. Let P be
a graded (A, B)-bimodule. Then, −⊗A P is naturally isomorphic to −⊗gr

A P̂. Thus, −⊗gr
A P̂ is a

graded functor.

Let T = (Ti, di) be a complex of graded (A, B)-bimodules. For every complex
M = (Mi, δi), let

(M⊗A P)n =
⊕

i+j=n
Mi ⊗A T j,

dn
M⊗AP = ∑

i+j=n
(di ⊗ IdT j + (−1)iIdMi ⊗ δj).

Then, − ⊗A T and − ⊗gr
A T̂ are graded functors from K(Gr-A)(resp. D(Gr-A)) to

K(Gr-B)(resp. D(Gr-B)).
In [3], Del Rio characterized the graded equivalences of categories of graded modules.

We give a similar result concerning homotopy categories.

Theorem 2. Let A =
⊕

g∈G Ag and B =
⊕

g∈G Bg be two graded rings. Let T = (Tn, dn) be a
complex of bigraded (A, B)-bimodules. Then, F = −⊗gr

A T is a functor from K(Gr-A) to K(Gr-B)
and H =

⊕
g∈G(Hom•Gr-B(g−1 T,−)) is a functor from K(Gr-B) to K(Gr-A). The following

conditions are equivalent.

(i) F is a graded functor;
(ii) H is a graded functor;
(iii) There exists a complex of graded (A, B)-bimodule P such that T ∼= P̂ in K(Gr-B).

Proof. (i)⇒ (ii) Since (F, H) and (SA
g , SB

g−1) are adjoint pairs, we have natural isomorphisms

HomK(Gr-B)(F(SA
g (M)), N) ∼= HomK(Gr-A)(SA

g (M), H(N))
∼= HomK(Gr-A)(M, SB

g−1(H(N)))

for all M ∈ K(Gr-A), N ∈ K(Gr-B) and g ∈ G. Thus, (F ◦ SA
g , SB

g−1 ◦ H) is an adjoint pair.
Similarly, we have natural isomorphisms

HomK(Gr-B)(SA
g (F(M)), N) ∼= HomK(Gr-A)(F(M), SB

g−1(N))
∼= HomK(Gr-A)(M, H(SB

g−1(N)))

for all M ∈ K(Gr-A), N ∈ K(Gr-B) and g ∈ G. Then, (SA
g ◦ F, H ◦ SB

g−1) is an adjoint pair.

If F is a graded functor, then, for every g ∈ G, F ◦ SA
g is naturally isomorphic to SA

g ◦ F,
and then SB

g−1 ◦ H is naturally isomorphic to H ◦ SB
g−1 . Thus, H is a graded functor.

(ii)⇒ (i) This is similar to the case (i)⇒ (ii).
(i)⇒ (iii) Since F is a graded functor, F ◦ SA

g is naturally isomorphic to SA
g ◦ F for every

g ∈ G. For every g ∈ G, F ◦ SA
g (A) ∼= gT and SA

g ◦ F(A) ∼= (g)eT. Then, there exists an
isomorphism φg : gT → (g)eT in K(Gr-B); therefore,

φn
g : (gT)n → ((g)eT)n
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is a morphism in Gr-B for every n. Given a ∈ Ahg−1 for some g, h ∈ G, let ρ(a) be the
morphism from the complex gT to the complex hT such that, for all t ∈ (gT)n,

(ρ(a))n : (gT)n → (hT)n, (ρ(a))n(t) = at.

Let µn
g denote the natural bijection from (eT)n to ((g)eT)n. Let

(ρ̄(a))n = (µn
h)
−1 ◦ φn

h ◦ (ρ(a))n ◦ (φn
g )
−1 ◦ µn

g : (eT)n → (eT)n,

then, (ρ̄(a))n is a map from (eT)n to (eT)n. Since φn
g and φn

h are morphisms in Gr-B,
(ρ̄(a))n((eTl)

n) ⊆ (eThg−1l)
n for all l ∈ G. Then, (eT)n =

⊕
l∈G(eTl)

n has a left G-graded
A-module structure by

a · t = (ρ̄(a))n(t)

for all a ∈ A and all t ∈ (eT)n.
Given g ∈ G and a ∈ A, it is clear that µn

g commutes with both di and right B-module
actions on (eT)n. The map φn

g commutes with both di and right B-module actions on (eT)n

since φg is an isomorphism in K(Gr-B). The map (ρ(a))n commutes with both di and right
B-module actions on (eT)n since T is a complex of bigraded (A, B)-bimodules. Therefore,
(ρ̄(a))n commutes with both di and right B-module actions on (eT)n. Thus, (eT)n has a
graded (A, B)-bimodule structure and eT is a complex of graded (A, B)-bimodules.

Let P = eT. Since (g)P = (g)eT ∼= gT in K(Gr-B), we have P̂ =
⊕

g∈G (g)eT ∼=⊕
g∈G gT = T in K(Gr-B).

(iii)⇒ (i) If there exists a complex of graded (A, B)-bimodule P such that T ∼= P̂ in
K(Gr-B), then F is natural isomorphic to −⊗A P. Thus, F is a graded functor. �

Recall that UA denotes the forgetful functor from Gr-A to Mod-A for a graded ring A.

Corollary 1. Let A =
⊕

g∈G Ag and B =
⊕

g∈G Bg be two graded rings. Let T be a complex of
bigraded (A, B)-bimodules. Assume that F = −⊗gr

A T : K(Gr-A)→ K(Gr-B) is a graded functor.
The following conditions are equivalent.

(i) LF : D(Gr-A)→ D(Gr-B) is an equivalence of triangulated categories;
(ii) There exists a complex P of graded (A, B)-bimodules such that

LF̄ = L(−⊗A P) : D(Mod-A)→ D(Mod-B) is an equivalence of triangulated categories
and UB ◦ LF is naturally isomorphic to LF̄ ◦UA.

Proof. (i)⇒ (ii) By Theorem 2, there exists a complex of graded (A, B)-bimodules P = eT
such that T ∼= P̂ in K(Gr-B). Since LF is an equivalence of triangulated categories, we have
P ∈ per(Gr-B); that is, P is quasi-isomorphic to a complex P′ in Kb(proj-B). Consider P
and P′ as complexes of right B-modules; then, P is quasi-isomorphic to a bounded complex
of finitely generated projective right B-modules P′. Thus, P ∈ per(Mod-B).

Suppose U is the smallest full triangulated subcategory of D(Mod-B) containing P and
closed under forming direct summands. Since (g)P = (g)eT ∼= gT in D(Gr-B) for every g ∈
G, we have per(Gr-B) as the smallest full triangulated subcategory of D(Gr-B) containing
{(g)P}g∈G and closed under forming direct summands. Suppose X → Y → Z → X[1]
is a distinguished triangle in D(Gr-B); then, UB(X) → UB(Y) → UB(Z) → UB(X[1]) is a
distinguished triangle in D(Mod-B). Therefore, for every M ∈ per(Gr-B), UB(M) ∈ U .
Then, B ∈ U since B ∈ per(Gr-B). However, the smallest full triangulated subcategory of
D(Mod-B) containing B and closed under forming direct summands equals per(Mod-B)
and P ∈ per(Mod-B). Then, U equals per(Mod-B).
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Since P ∈ per(Mod-B),

HomD(Mod-B)(P, P) = HomD(Mod-B)(eT, eT)
∼=

⊕
g∈G HomD(Gr-B)(eT, (g)eT)

∼=
⊕

g∈G HomD(Gr-B)(eT, gT)
∼=

⊕
g∈G Ag

∼= A.

Similarly, HomD(Mod-B)(P, P[n]) = 0 for all n 6= 0. By ([10], Section 8.1.4), LF̄
is an equivalence of triangulated categories. Since F is natural isomorphic to − ⊗A
P : K(Gr-A)→ K(Gr-B), we have natural isomorphisms

UB ◦ LF ∼= UB ◦ LF̄ ∼= LF̄ ◦UA.

(ii) ⇒ (i) By Theorem 2, F ∼= − ⊗A P ∼= − ⊗gr
A P̂. Then, by Theorem 1, LF is an

equivalence of triangulated categories. �

Let A =
⊕

g∈G Ag be a graded ring. Let P =
⊕

g∈G Pg be a graded right A-module
and Q =

⊕
g∈G gQ be a graded left A-module. Let G′ be a subgroup of G. Then, A(G′)

will denote the G′-graded ring
⊕

g∈G′ Ag, P(G′) will denote the graded right A(G′)-module⊕
g∈G′ Pg and (G′)Q will denote the graded left A(G′)-module

⊕
g∈G′ gQ.

Corollary 2. Let A =
⊕

g∈G Ag be a graded ring. Let G′ be a subgroup of G. Let B =
⊕

g∈G′ Bg

be the ring A(G′) with Bg = Ag for all g ∈ G′. Let T = (G′) Â ∼=
⊕

g∈G′ (g)A. The following
conditions are equivalent.

(i) LF = L(−⊗gr
B T) : D(Gr-B)→ D(Gr-A) is an equivalence of triangulated categories;

(ii) The smallest full triangulated subcategory of D(Gr-A) containing
{(g)A| g ∈ G′} and closed under forming direct summands equals per(Gr-A);

(iii) {(g)A | g ∈ G′} is a set of generators in Gr-A;
(iv) −⊗gr

B T : Gr-B→ Gr-A is an equivalence of categories of graded modules.

Proof. (i)⇔ (ii) is a consequence of Theorem 1 since, for every g ∈ G′, LF((g)A) ∼= (g)A.
(i)⇒ (iii) Since LF is an equivalence,

RH =
⊕
g∈G′

RHom•Gr-A(g−1 T,−) : D(Gr-A)→ D(Gr-B)

is an equivalence of triangulated categories and LF ◦ RH is naturally isomorphic to the
identity functor of D(Gr-A). Then, for every h ∈ G,

RH((h)A) =
⊕

g∈G′ RHom•Gr-A(g−1 T, (h)A)
∼=

⊕
g∈G′ Hom•Gr-A((g−1)A, (h)A)

∼=
⊕

g∈G′ Ahg
= ((h)A)(G′).

Therefore,
(h)A ∼= LF ◦ RH((h)A)

∼= LF(((h)A)(G′))
∼= ((h)A)(G′) ⊗

gr
B T.

Then, we have (h)A ∼= ((h)A)(G′)⊗
gr
B T as two modules in Gr-A. Since {(g)B| g ∈ G′}

is a set of generators in Gr-B, there exists an epimorphism for some gi ∈ G′,

f :
⊕
i∈I

(gi)B→ ((h)A)(G′).
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Therefore,
f ⊗gr

B T :
⊕
i∈I

(gi)B⊗gr
B T → ((h)A)(G′) ⊗

gr
B T

is an epimorphism in Gr-A. Since (gi)B⊗gr
B T ∼= gi T ∼= (gi)A for every gi ∈ G′, we have

{(g)A| g ∈ G′} generates (h)A in Gr-A. Thus, {(g)A | g ∈ G′} is a set of generators in
Gr-A.

(iii)⇒ (iv) by ([3], Corollary 11).
(iv)⇒ (i) is trivial. �

Corollary 3. Let A =
⊕

g∈G Ag be a graded ring. The following conditions are equivalent.

(i) There is an ungraded ring B and a complex T of bigraded (B, A)-bimodules, where B is consid-
ered as a graded ring with trivial grading, such that
L(−⊗gr

B T) : D(Mod-B)→ D(Gr-A) is an equivalence of triangulated categories;
(ii) There exists a finite subset G′ of G, such that the smallest full triangulated subcategory of

D(Gr-A) containing {(g)A| g ∈ G′} and closed under forming direct summands equals
per(Gr-A).

Proof. (i)⇒ (ii) By Theorem 1, T ∈ per(Gr-A). Then, there exists P ∈ Db(proj-A), such
that T ∼= P in D(Gr-A). Since P is a bounded complex of finitely generated modules, there
exists a finite subset G′ of G such that {(g)A| g ∈ G′} generates Pi for all i ∈ Z. Since the
smallest full triangulated subcategory of D(Gr-A) containing P and closed under forming
direct summands equals per(Gr-A), we have the smallest full triangulated subcategory
of D(Gr-A) containing {(g)A| g ∈ G′} and closed under forming direct summands being
equal to per(Gr-A).

(ii) ⇒ (i) Let T =
⊕

g∈G′ (g)A ∈ Gr-A. Let B = HomD(Gr-A)(T, T). Then, T is a
bigraded (B, A)-bimodule by considering B trivially graded by e. By Theorem 1, L(−⊗gr

B
T) : D(Mod-B)→ D(Gr-A) is an equivalence of triangulated categories. �
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