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Abstract

The present paper investigates the existence of periodic oscillations for a delayed Parkinson’s disease
mathematical model. We extend the result in the literature from stability to oscillation. Two sufficient
conditions to guarantee the oscillation of the solutions are provided. Some parameter that affects the
oscillation is sensitive from our simulation.
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1 Introduction

Many researchers have studied various Parkinson’s disease models [1-20]. One can also see the review articles
[21-23]. For example, Asai et al. introduced the following model based on the central pattern generator theory:
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v′1(t) = c(v1(t)− 1

3
v31(t)− w1(t) + z1(t)) + δ(v2(t)− v1(t)),

w′1(t) = 1
c
(u1(t)− b1w1(t) + a) + εv2(t),

v′2(t) = c(v2(t)− 1
3
v32(t)− w2(t) + z2(t)) + δ(v1(t)− v2(t)),

w′2(t) = 1
c
(v2(t)− b2w2(t) + a) + εv1(t),

(1)

where v1 and v2 are outputs to the network system which could be compared to the rotational velocities. All
model constants are positive real numbers [1]. Wang et al. have considered the following mathematical model:

τSS
′(t) = FS(−WGSG(t− TGS) +WCSE(t− TCS))− S(t),

τGG
′(t) = FG(WSGS(t− TSG)− Str)−G(t),

τEE
′(t) = FE(−WCCI(t− TCC) +WEEE(t− TEE)) + C − E(t),

τII
′(t) = FI(WCCE(t− TCC)−WIIE(t− TII))− I(t),

(2)

where S(t), G(t), E(t) and I(t) represent the subthalamic nucleus, the globus pallidus, the firing rate of cortical
excitatory pyramidal neurons, the firing rate of inhibitory nuclei, respectively. T (t) and W (t) represent the delay
and connection weight in different projections. FU (x) = MU

1+
(MU−BU )e(−4x/MU

BU

(U = S,G,E, I) are activation

functions. The Hopf bifurcation critical condition of the system (2) was given in [3]. Recently, Tuwairqi and
Badrah provided the following model [5]:

N ′(t) = σ − βN(t)αS(t)− a1N(t)− a2N(t)− µ1N(t),
I ′(t) = βN(t)αS(t)− d1I(t)− a1I(t)− a2I(t),

αS′(t) = ed1I(t)− a1αS(t)− a2αS(t)− ε1ed1I(t− τ)e−(a1+a2)τ ,
M ′(t) = a1I(t) + a1αS(t)− ε2a1[I(t− τ) + αS(t− τ)]e−µ2τ − µ2M(t),
T ′(t) = a1I(t) + (a1 + a2)αS(t)− ε3[a1I(t− τ) + (a1 + a2)αS(t− τ)]e−µ3τ − µ3T (t),

(3)

where N(t), I(t), and αS(t) represent the density of healthy neurons, the density of infected neurons, and the
density of extracellular α-syn in the brain respectively, M(t) represents the density of activated microglia, and
T (t) density of activated T cell; ai, εi, µi, σ and β are parameters which belong to (0, 1]. The local stability of
the free and endemic equilibrium points was established depending on the basic reproduction number. However,
tremor is the most recognizable symptom of Parkinson’s disease. Therefore, the existence of periodic solutions
of the system (3) is a significant research topic. Considering the effect of time delay, in this paper, we study the
existence of periodic solutions for a modified model (3) as follows:

N ′(t) = σ − βN(t)αS(t)− a11N(t)− a12N(t− τ)− a13I(t− τ)− µ1N(t),
I ′(t) = βN(t)αS(t)− d1I(t)− a21I(t− τ)− a22I(t)− a23S(t− τ),

αS′(t) = ed1I(t)− a31αS(t)− a32αS(t)− ε1ed1I(t− τ)e−(a33+a34)τ ,
M ′(t) = a41I(t) + a42αS(t)− ε2a43[I(t− τ) + αS(t− τ)]e−µ2τ − µ2M(t),
T ′(t) = a51I(t) + (a52 + a53)αS(t)− ε3[a51I(t− τ) + (a52 + a53)αS(t− τ)]e−µ3τ − µ3T (t),

(4)

aij , εi, µi, σ and β are positive parameters. The existence of periodic solution of the system (4) has been studied.

2 Preliminaries

Since N(t), I(t), S(t),M(t), and T (t) represent various densities of neurons. Therefore, we assume that N(0) ≥
0, I(0) ≥ 0, S(0) ≥ 0,M(0) ≥ 0 and T (0) ≥ 0. We first have the following lemma 1.

Lemma 1 Assume that N(0) ≥ 0, I(0) ≥ 0, S(0) ≥ 0,M(0) ≥ 0, and T (0) ≥ 0, then all solutions of system (4)
are bounded.

Proof Since the initial condition N(0) ≥ 0, I(0) ≥ 0, S(0) ≥ 0,M(0) ≥ 0, and T (0) ≥ 0, From system (4), by
the variation of the constants method, one can easy to see that N(t) ≥ 0, I(t) ≥ 0, S(t) ≥ 0,M(t) ≥ 0, and
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T (t) ≥ 0 for arbitrary t > 0. Thus, from the first equation of system (4) we have

N ′(t) ≤ σ − a12N(t)− a12N(t− τ)− µ1N(t). (5)

Therefore, N(t) ≤ σ
a11+a12+µ1

. Note that I(t) is always less the healthy neurons N(t). So we have I(t) ≤
σ

a11+a12+µ1
. Then we have

αS′(t) ≤ ed1σ

a11 + a12 + µ1
− a31αS(t)− a32αS(t). (6)

So, S(t) ≤ ed1σ
α(a11+a12+µ1)(a31+a32)

. Also we get

M ′(t) ≤ a41σ(a31 + a32) + a42ed1σ

(a11 + a12 + µ1)(a31 + a32)
− µ2M(t). (7)

Thus, M(t) ≤ a41σ(a31+a32)+a42ed1σ
µ2(a11+a12+µ1)(a31+a32)

.Therefore, we have

T ′(t) ≤ a51(a31 + a32)σ + (a52 + a53)ed1σ

(a11 + a12 + µ1)(a31 + a32)
− µ3T (t). (8)

From (8) we have T (t) ≤ a51(a31+a32)σ+(a52+a53)ed1σ
µ3(a11+a12+µ1)(a31+a32)

. This indicates that all solutions of system (4) are bounded.

Similar to the result of [5], there exists an endemic equilibrium point (N∗, I∗.S∗,M∗, T ∗)T of the system (4).
Then make the change of variables N(t) → N(t) − N∗, I(t) → I(t) − I∗, S(t) → S(t) − S∗,M(t) → M(t) −
M∗, T (t)→ T (t)− T ∗, we get the following system:

N ′(t) = −b11N(t)− b13S(t)− c11N(t− τ)− c12I(t− τ)− βN(t)αS(t),
I ′(t) = b21N(t)− b22I(t) + b23S(t)− c22I(t− τ)− c23S(t− τ) + βN(t)αS(t),
S′(t) = b32I(t)− b33S(t)− c32I(t− τ),
M ′(t) = b42I(t) + b43S(t)− b44M(t)− c42I(t− τ)− c43S(t− τ),
T ′(t) = b52I(t) + b53S(t)− b55T (t)− c52I(t− τ)− c53S(t− τ),

(9)

where b11 = a11 + µ1 + βαS∗, b13 = βN∗α, c11 = a12, c12 = a13, b21 = βS∗α, b22 = d1 + a22, b23 = βαN∗, c22 =

a21, c23 = a23, b32 = ed1
α
, b33 = a31 + a32, c32 = ε1ed1e

−(a33+a34)τ

α
, b42 = a41, b43 = a42α, b44 = µ2, c42 =

ε2a43e
−µ2τ , c43 = ε2a43αe

−µ2τ , b52 = a51, b53 = (a52 + a53)α, b55 = µ3, c52 = ε3a51e
−µ3τ , c53 = ε3(a52 +

a53)e−µ3τα.

The system (9) can be expressed as follows:

z′(t) = Bz(t) + Cz(t− τ) + f(z(t)) (10)

where z(t) = [N(t), I(t), S(t),M(t), T (t)]T , z(t− τ) = [N(t− τ), I(t− τ), S(t− τ),M(t− τ), T (t− τ)]T , B and
C both are 5 by 5 matrices, f(z(t)) is a five by one vector:

B = (bij)5×5 =


−b11 0 −b13 0 0
b21 −b22 b23 0 0
0 b32 −b33 0 0
0 b42 b43 −b44 0
0 b52 b53 0 −b55

 ,
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C = (cij)2n×2n =


−c11 −c12 0 0 0
0 −c22 −c23 0 0
0 −c32 0 0 0
0 −c42 −c43 0 0
0 −c52 −c53 0 0

 ,

f(z(t)) = [−βN(t)αS(t), βN(t)αS(t), 0, 0, 0]T . The linearized system of (9) is

z′(t) = Bz(t) + Cz(t− τ) (11)

Lemma 2 If matrix S(= B + C) is a nonsingular matrix for selected parameters, then there exists a unique
equilibrium point (N∗, I∗.S∗,M∗, T ∗)T of the system (3).

Proof Obviously, the trivial solution of the system (10) or ((11)) corresponds to the endemic equilibrium point
(N∗, I∗.S∗,M∗, T ∗)T of the system (4). If z∗ is an equilibrium point of the system (11), then we have

(B + C)z∗ = Sz∗ = 0 (12)

According to the basic linear algebraic knowledge, system (12) has a unique trivial solution since S = B + C is
a nonsingular matrix.

3 The Existence of Periodic Solutions

Theorem 1 Assume that zero is the unique equilibrium point of system (11) for selecting parameter values.
Let β1, β2, · · · , β5 are characteristic values of matrix B, and γ1, γ2, γ3, 0, 0 are characteristic values of matrix C.
If there exists one characteristic value, say β1, such that Re(β1) > 0, and Re(β1) > max{|γ1|, |γ2|, |γ3|}, then
the unique trivial solution of system (11) is unstable, implying that there exists a periodic oscillatory solution
in the system (4).

Proof According to the basic differential equation theory, if there exists one characteristic value, say β1, such
that Re(β1) > 0, and Re(β1) > max{|γ1|, |γ2|, |γ3|}, then the trivial solution z(t) of the system (11) is unstable
[24]. Indeed, the characteristic equation associated with the system (11) is the following:

5∏
i=1

(λ− βi − γie−λτ ) = 0 (13)

Therefore, there is a characteristic equation from the system (13) as follows:

λ− β1 − γ1e−λτ = 0 (14)

or

λ− β1 = 0 (15)

If Re(β1) > 0, and Re(β1) > max{|γ1|, |γ2|, |γ3|}, this means that the equation (14) (or (15)) has a positive real
part characteristic value. Thus, the trivial solution of the system (11) is unstable. Meanwhile, the nonlinear
term f(z) of the system (10) is a higher order infinitesimal as N(t) → 0 and S(t) → 0. This means that the
equilibrium point (N∗, I∗.S∗,M∗, T ∗)T of the system (4) is unstable. The instability of the unique positive
equilibrium point together with the boundedness of the solutions will force system(4) to generate a limit cycle,
namely, there exists a periodic solution of system (4) [25, 26]. The proof is completed.

For simplify, setting p = max{−b11 + b21,−b22 + b32 + b42 + b52,−b13 + b23 − b33 + b43 + b53,−b44,−b55}, q =
max{−c11,−c12 − c22 − c32 − c42 − c52,−c23 − c43 − c53}. Then we have
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Theorem 2 Assume that the conditions of Lemma 1 and Lemma 2 hold. If the following inequality is satisfied

p+ q > 0 (16)

Then the system (4) has a periodic oscillatory solution.

Proof To prove the instability of the trivial solution of system (11), let w(t) = N(t) + I(t) +S(t) +M(t) +T (t).
Since N(0) ≥ 0, I(0) ≥ 0, S(0) ≥ 0,M(0) ≥ 0 and T (0) ≥ 0 Therefore, w(t) ≥ 0 and

w′(t) ≤ pw(t) + qw(t− τ) (17)

Specifically, consider the equation

v′(t) = pv(t) + qv(t− τ) (18)

Obviously, w(t) ≤ v(t). If the trivial solution of equation (18) is unstable, then the trivial solution of (17) is still
unstable. The characteristic equation associated with equation (18) is given by

λ = p+ qe−λτ (19)

We claim that there exists a positive root of (19) under the condition (16). Let g(λ) = λ − p − qe−λτ . Thus,
g(λ) is a continuous function of λ. When λ = 0, we have g(0) = −p−q = −(p+q) < 0. On the other hand, there
exists a suitibly large λ, say λ0 > 0 such that g(λ0) = λ0− p− qe−λ0τ > 0 since e−λ0τ → 0 as λ0 → +∞. Based
on the Intermediate Value Theorem, there exists a λ∗ ∈ (0, λ0) such that g(λ∗) = λ∗ − p− qe−λ∗τ = 0. In other
words, λ∗ is a positive characteristic root of equation (19). So the trivial solution of equation (18) is unstable,
implying that the unique endemic equilibrium point (N∗, I∗.S∗,M∗, T ∗)T of the system (4) is unstable. Similar
to Theorem 1, there exists a periodic solution of the system (4). The proof is completed.

4 Simulation Results

This simulation is based on the system (4). We first select the following parameters: time delay τ = 3.8, σ =
4.26, β = 0.015, α = 0.1, a11 = 0.085, a12 = 0.025, a13 = 0.59, a21 = 0.015, a22 = 0.0185, a23 = 0.095, a31 =
0.015, a32 = 0.045, a33 = 0.085, a34 = 0.18, a41 = 1.5, a42 = 0.0125, a51 = 0.025, a52 = 0.018, a53 = 0.024, e =
0.25, d1 = 0.18, ε1 = 0.015, ε2 = 0.025, ε3 = 0.075, µ1 = 0.62, µ2 = 0.85, µ3 = 0.75, Then we get b11 =
0.7267, b13 = 0.0013, c11 = 0.025, c12 = 0.59, b21 = 0.0216, b22 = 0.1985, b23 = 0.0015, c22 = 0.015, c23 =
0.015, b32 = 0.45, b33 = 0.06, c32 = 0.4116, b42 = 1.5, b43 = 0.125, b44 = 0.85, c42 = 0.0029, c43 = 0.0003, b52 =
0.025, b53 = 0.0042, b55 = 0.75, c52 = 0.0231, c53 = 0.0025. The endemic equilibrium point (N∗, I∗.S∗,M∗, T ∗)T =
(1.0712, 4.3014, 17.4125, 6.4316, 10.1085)T .
Then the characteristic values of matrix B are 0.7500,−0.8500,−0.7200,−0.0520,−0.1980. The characteristic
values of matrix C are −0.0868,−0.0718,−0.0250, 0, 0. Noting that a characteristic value (0.7500) of matrix
B is a positive real number and 0.7500 > 0.0868. The conditions of Theorem 1 are satisfied. There exists
an oscillatory solution for the system (4) (see Fig.1). When we change τ = 3.75, σ = 3.76, a13 = 0.68, and
τ = 3.35, σ = 3.76, a13 = 0.68, respectively, the other parameters are the same as Fig.1, we see that the
oscillatory behavior of the solutions is still maintained (see Fig.2 and Fig.3).

Then we select another set of parameters: time delay τ = 3.8, σ = 10.76, β = 0.012, α = 0.1, a11 = 0.025, a12 =
0.015, a13 = 0.48, a21 = 0.015, a22 = 0.025, a23 = 0.28, a31 = 0.035, a32 = 0.045, a33 = 0.065, a34 = 0.12, a41 =
0.25, a42 = 0.16, a51 = 0.27, a52 = 0.18, a53 = 0.24, e = 0.15, d1 = 0.18, ε1 = 0.15, ε2 = 0.12, ε3 = 0.28, µ1 =
0.82, µ2 = 0.75, µ3 = 0.95, Then we get b11 = 0.8625, b13 = 0.0061, c11 = 0.015, c12 = 0.48, b21 = 0.0174, b22 =
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(b) Solid line: S(t), dashed line: M(t), dotted line: T(t).
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Fig. 1. Oscillation of the solutions, delay: 3.8, a   =0.59.
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Fig.2 Oscillation of the solutions, delay 3.75, a13=0.68.

0.205, b23 = 0.0055, c22 = 0.015, c23 = 0.28, b32 = 0.27, b33 = 0.08, c32 = 0.382, b42 = 0.25, b43 = 0.016, b44 =
0.75, c42 = 0.0017, c43 = 0.0002, b52 = 0.028, b53 = 0.0435, b55 = 0.95, c52 = 0.0045, c53 = 0.0015. The endemic
equilibrium point (N∗, I∗.S∗,M∗, T ∗)T = (4.5312, 9.9283, 14.6886, 32.5975, 61.9764)T . We see that p = 0.595,
q = −0.015, so p+ q > 0, the conditions of Theorem 2 are satisfied. There exists an oscillatory solution for the
system (4) (see Fig.4). When we change τ = 3.80, a13 = 0.54, and τ = 3.82, a13 = 0.52, respectively, the other
parameters are the same as Fig.4, we see that the oscillatory behavior of the solutions is still kept (see Fig.5 and
Fig.6).
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Fig.3 Oscillation of the solutions, delay: 3.35, a
13

=0.66.
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Fig.4 Oscillation of the solutions, delay: 3.80, a13=0.48.
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Fig.5 Oscillation of the solutions, delay: 3.80, a13=0.54.
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Fig.6 Oscillation of the solutions, delay: 3.82, a13=0.52.

5 Conclusion

This paper discusses the oscillatory behavior of the solutions for a modified delayed Parkinson’s disease mathematical
model. Based on the method of mathematical analysis, we provided some sufficient conditions to guarantee the
oscillation of the solutions. Some simulations are provided to indicate the effectiveness of the criteria. In our
simulation, we found that some parameters are sensitive to affect the periodic oscillation. For example, the
parameter a13 affects the oscillatory behavior too much (see figures). There is a research topic for future study
of key parameters in a mathematical model.
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