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Abstract

Two fairly useful notions to support some commutativity conditions for non commutative rings
are symmetry and reversibility. Our aim in this note is to study *- symmetric rings, where * is an
involution on the ring. A ring R with involution * is called *- symmetric if for any elements
a,b,ceR, abc=0 = acb*=0. Every *- symmetric ring with 1 is symmetric but the converse need
not be true in general, even for the commutative rings. We discussed some characterizations in
which these two notions and the notions of reversibility and - reversibility coincide. We have

extended *- symmetric rings to factor polynomial rings that are isomorphic to rings of Barnett
matrices.

Keywords: »-symmetric rings; *-reversible rings; »rigid rings.
1 Introduction

In ring theory several notions were introduced to facilitate some commutativity conditions for non-
commutative rings. Among them two fairly useful notions are symmetry and reversibility. In [1]
Lembak defined that a ring R with 1 is symmetric if for any elements a,b,c € R,abc =0 = acb =0
and in [2] a ring R is called reversible if for any pair of elements a,b € R,ab = 0, then ba = 0. On
the other hand Shin in [3] used the same definition for rings without 1. For rings with 1, if abc =
0 = acb = 0, then it also implies that bca = bac = cab = cha = 0. While for rings without 1, the
other equalities may not occur. For instance, for a ring without 1, if (i) abc = 0 = acb = 0, there is
no guaranty that any one of the remaining four, bca, bac, cab, cha, is zero and same is the case for
(i) abc = 0 = bac = 0. Such rings may be termed as right and left symmetric rings, respectively
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(see details in [4]). Straight forward calculations show that if 1 € R, and if R satisfies either (i) or (i),
then R is symmetric. Moreover, if R (even without 1) satisfies both (i) and (ii) then R is symmetric.
Note one more interesting fact that there are rings they do satisfy (iii) abc = 0 = bac = cab = 0, but
they are neither right nor left symmetric, so are not symmetric as well. For instance, see Example
2.10 below. Conversely, a right or left symmetric ring does not satisfy the condition (iii). Every
symmetric ring holds (iii) but conversely (iii) does not give a symmetric ring even though if the ring
is with 1. On the other hand every reversible ring satisfies (iii) and if 1 € R, and R satisfies (iii), then
R is reversible.

One may also be interested to investigate such properties for rings with involutions. In [5], it is
defined that a ring R with an involution = is called *-reversible, if for any pair of elements a,b €
R,ab = 0, then ba® = 0. We extend this definition for *-symmetric rings on the same lines:

Definition 1.1. A ring R with involution * is called *-symmetric if for any elements a,b,c € R,
abc =0 = acb* = 0.

As in the case of - reversibility, there is no ambiguity between left and right =-reversible rings [5],
same is the case for left and right *-symmetric rings. Quick calculations reveals that if for any
elements a,b,c € R, abc = 0 = acb® =0, then b*ac = 0. Moreover, with the same condition one
may also get bca = 0 and cab = 0. Every *-symmetric ring which is left or right symmetric or
possesses 1, is symmetric, but the converse in general need not be true. We pose in the section of
examples that there are non x-symmetric commutative rings with 1 as well.

For an endomorphism a on a ring R, left (or right) a- symmetric rings were introduced and studied
in [6], but definitely, these are different than *-symmetric rings, as a right ¢ — symmetric ring is, in
general, different than its left version (see examples in [6]).

In the study of rings with involutions many interesting and useful results can be obtained by
involving rigidity: A ring R with the involution * is called #-rigid, if for any a € R,aa” = 0, then a = 0.
In literature, the terms isotropic and anisotropic are also used for such involutions (see [7]).

Along with =-rigidity we will study some properties of *-symmetric rings, along with reduced and
semicommutative rings, etc. A ring R is reduced if it has no non-zero nilpotent elements and it is
called semi-commutative [8] if for any pair of elements a,b € R, ab = 0, then aRb = 0.

In Section 2 we will list several examples and counter examples and in Section 3 some elementary
properties are investigated along with #-rigid, reduced, and *- Armendariz rings. Some extensions
of *-symmetric rings for polynomial rings in the form of rings of Barnett matrices are discussed in
Section 4.

All rings considered here may not necessarily be with 1. If a ring possesses a 1, then we will
specifically mention it. By (R,*), we mean a ring R with an involution =. If an involution is induced by
an involution * on the elements of R, then the induced involution will also be referred to as *. For
instance, if (R,*) is a ring with involution *, then (R[x],*) is the polynomial ring with the involution *
defined on the elements p(x) = a® + a;x + - + a,x", by (p(x))* = aj + ajx + - + a;x".

A few facts about *- symmetric rings that we have mentioned above are listed as under:
Lemma 1.2. Let (R,*) be a *-symmetric ring.
(1) If forany a,b,c € R, abc = 0, then b*ac =0, cb*a=0, bca = 0, and cab = 0.

(2) If R is left or right symmetric, then R is symmetric.
(3) If 1 € R, then R is symmetric.
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Remarks 1.3. From above observations we have following conclusions:
(a) In case R is aring with 1, then
(a1) If R is right or left symmetric, then R is symmetric.
(az) If R is symmetric then R is reversible.
(az) If R is x- symmetric then R is *- reversible.
(b) In case R is a ring without 1, then
(by) If R is right and left symmetric, then Ris symmetric.

(b2) If R is symmetric then R may not be reversible.
(b3) If R is x- symmetric then R may not be - reversible.

2 Examples

2.1 Every Commutative Ring is Symmetric and Reversible. In General it May
not be *-Symmetric or * -Reversible with Some Involution *.

For example, for any prime p, consider the ring (Z,®Z,,+,-) with component-wise addition and
multiplication. Clearly Z,@®Z, is symmetric and reversible.

Define the exchange involution * on Z,®Z,by (a,b)* = (b,a), V (a,b) € Z,®Z,. For any
a,b,c,d € {1,-+,p — 1}, consider the following products of non-zero elements of Z,®Z,.

(a,0)(0,b)(c,d) =0,
(a,0)(c,d)(0,b)" = (a,0)(c,d)(b,0) = (ab,0) # 0.

Hence Z,®Z, with the exchange involution * is neither x-symmetric nor *-reversible. It is also not
*-rigid.

2.2 Let R be a Ring and Set
LT,(R) = {[Z 2] ca,b€ R}.

Note that R is commutative if and only if LT,(R) is commutative. If LT,(R)is a domain, then
LT,(R) becomes symmetric.

Let R be commutative. Define an involution on LT, (R) by setting
a 0" _[a O
5 =% J vaber
If R is a domain, then simple calculations show that LT, (R) is *-symmetric but not - rigid.
If R is not a domain then the situation may change. For instance, take R = Z,,. Let t = [i g .

Then t3 =0, but t2t* = 0. So there is no chance for (Z,,,*) to be *-symmetric, *-reversible, or *-
rigid.
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2.3 Let us Consider the Ring of Strictly Upper Triangular Matrices of Order
Four in the Form

0 a @13 Quu
a a
SUT,(R) = % 8 0 a24 | @ ay3,014, 024 €R
0 0 O 0

Where R is any ring. If * is an involution on R, then with the induced involution (SUT,(R),*) is *-
symmetric if and only if (R,*) is *-symmetric.

2.4 All Domains with Some Involution * are *-symmetric.

For instance, the ring of real quaternions M is *-symmetric with the natural involution * defined on
its elements by (a + bi + ¢j + dk)* = a — bi — ¢j — dk. The involution * as defined on H is an *-
rigid involution, as if x = a + bi + ¢j + dk € H, with xx* = 0. Then

xx*=x?|=a?+b*+c?+d*=0=x=0.

2.5 For the Non-commutative Quaternion Algebra F(Qg) (see [7; p.25]) Over
any Field F with Char(F) # 2 and with a Basis {1,i,j,k},

F(Qg) =={x =a+bi+cj+dk: a,b,c,d €F,i?j* € F*,ij = k = —ji},
and with the involution defined by x* =a — bi —c¢j —dk is not *-symmetric, in general. For
instance, if F=TF;, and i2=j2=2, then, il +i+j)A+2i+2/)=0but i(1+i+)(A+i+
JZ0.
Similarly (@A +i+j))A+i+k)=0 but A+i+k)(A+i+j)=i+j+k+0.From these
computations we conclude that F;(Qg) is neither symmetric, nor reversible and nor *-reversible.
Also 1+i+j)(1+2i+2j)=0 and (1+i+j) # 0 implies that F;(Qg) is not *-rigid.
2.6 Now Consider Qg = {1,x_1, X;, X_;, Xj, X_j, Xj;, X_i}

The group ring Z,(Qs), as discussed in [9; Example 7], is reversible and is not symmetric. Let us
define an involution on its elements,

X=ay +ax_q +azx; +agx_; +asx; + agx_; + az;x, + agx_y,Va; €7,
by

X" =ag + ayx_q +azx_; +agx; + asx_j + agx; + a;x_y + agxy, Va; € Z,.
Then xx* = 0if and only if 32, a? = 0. This holds even though x # 0. For instance, if x = 1 + x; +
x; + x, then one calculates that xx* = 0. Hence Z,(Qg) is not x-reversible and it is not rigid under =
as well. Hence it is not *-symmetric. In fact, Z,(Qg) cannot be *- symmetric for any involution * on

it (because of Lemma 1.2(3). Because Z,(Qg)) is reversible and has identity, it satisfies condition

(ii).
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2.7[10; Example 2] Consider the Group Ring c[s;], where s, = {1,0,0% 1,70,70%}
is the Symmetric Group on Three Letters. c[s;] Adhere to an Involution *
Defined by

*

ngg = ngg_1.

9gES3 9gES3
Assume that
1 1 5 , 1 5
a=- ngg :B=g(1+0+0 —T—‘[O‘—TO‘),}/=§(2—O'—O').

6
JgES3

Then {a, B,y} form a complete set of orthogonal elements of C[S;], so
C[S;] = C[S;]a@®C[S;]8BC[S;]y.

Note that C[S;]a and C[S;]B are anisotropic and *-reversible while C[S;]y is isotropic and not *-
reversible, so the ring is neither *-rigid nor *-reversible. Hence it is not *- symmetric.

2.8 The left Klein 4-rings V,» as Defined in [4] are Left Symmetric

These are neither symmetric, nor reversible. It is not possible to define an involution on them, so
there is no chance for them to be *-symmetric or *-reversible. Similarly, Vz",{’ are only right
symmetric.

29 Let (Ry,*1) and (R,,*;) be Two Rings. A Natural Way to Induce an
involution on their Direct Sum is Following:

Let a; € R, and a, € R,. Then the induced involution on R, @R, is defined by
(a1, a,)" = (ai', a3?)
If {(R;*;):i € I} is an indexed family of rings, then the induced involution * on @; € I, R; is defined

as above. Hence we conclude that: Vi € [,R;is *;-symmetric if and only if @; € [,R;is *-
symmetric.

2.10 The Ring Z,(Qg) as Discussed in Example 2.6. is a Reversible Ring with
1, and is Neither Symmetric nor *-Symmetric for any Involution *. The
Strictly Upper Triangular Matrix Ring SUT;(Z,) as Defined by

0 a b
SUT;(Z,) =4{|0 0 c||ab,c€eZ,
0 0O
is noncommutative and is without 1. But clearly it is symmetric and *-symmetric for any involution

*. But both rings satisfy the condition (iii) that if for any elements a,b,ceR, abc=0, then cab=0 and
bac=0. So the direct sum
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(SUTM5(Z,)®Z,(Qg) ,+/)
is a ring with + and defined component wise. This ring clearly satisfies abc = 0 = cab = bac = 0. It

is neither symmetric nor reversible. It is also not *-symmetric and - reversible for any involution *
defined on it.

3 Some Elementary Results

Proposition 3.1. For a ring R with involution * the following hold:
(i) If Ris areduced and *-symmetric, then R is *-reversible.
(ii) If Ris =-reversible, then R is symmetric if and only if R is *-symmetric.
(iii) R is *-rigid and *-symmetric if and only if R is reduced and x-reversible.
(iv) R is *-rigid and semi-commutative if and only if R is semi prime and x-symmetric.
Proof:- (i) Let ab = 0. Then
aba* = 0= b*aa* = 0= b*aa*h*=0=>b*ab*a=0= (b*a)? =0,
which implies that b*a = 0, hence R is *-reversible.
(ii) Let R be a symmetric ring. Let for any a, b, c € R,abc = 0. Then
(ac)b = b(ac)* = acb* = 0.

Hence R is *-symmetric.

Conversely, let R be a *-symmetric ring. Then by the same argument as above, let
abc = 0, then (ac)b* = 0. By *-reversibility of R,bac = 0. Also b*(ac)* = b*c*a* = ach = 0.

By repeating same steps we get bca = 0 and cab = 0, and hence cha = 0. Thus R is a symmetric
ring.

(iii) Let R be a *-rigid and *-symmetric ring. If a3 = 0, then
a‘aa* =0=a%aa’a=(a'a)'(a’a) =0=>a’a=0=>a=0.
Now let ab = 0. Then
(ba*)(ba")" = (ba*)(ab") = (ba")(b’a") = 0 = ba" = 0.
Conversely, let R be =-reversible and reduced. If for any a € R,aa” = 0, then
aa=0=a=0.
Now let, for any a,b,c € R,if abc = 0, then
cb*a* = 0= (cb*ach™)a* = 0 = acb*acb” = 0 = acb™ = 0.
(iv) Let R be *-rigid and semi-commutative. Then for any a € R,aRa = 0

= aa’a=0=aa*aa* = (aa*)'aa* =0=>aa"=0>a=0.

497



Fakieh; BIMCS, 8(6): 492-505, 2015; Article no.BJMCS.2015.181

Now we want to prove that R is *-symmetric. Let for any a,b,c € R,abc = 0. Then
c*(b*a*) =0= c*R(b*a*) = 0> c*(ab)b*a* = 0 = (c*ab)(b*a*c) = 0= b*a*c=0.
Again by semi-commutivity and =-rigidity,

(b*c*a)(a*ch) = 0= b*c*a=0= (a*chb*)(bc*a) =0
= bc*a=0= (bc*a")(acb™) = 0= acb” = 0.

Conversely, let R be *-symmetric and semiprime. If for any a € R, aa* = 0, then
aac*r=0=>ara=0=a=0.
Now to prove R is semi-commutative, let for any a,b € R,ab = 0, then Vr €R,

ba'r=0=>abr=0=ab'rab*=0=>ab*=0=>ab’'r=0=arb =0.
]
Corollary 3.2. Let R be a *-rigid ring. Then the following are equivalent.
(1) R is *-symmetric
(2) Ris symmetric
(3) R is *-reversible
(4) Risreversible

(1)= (2) By Lemma 3.1(i) R is reduced, hence symmetric.
(2)= (3) Letfor any a,b € R,ab = 0. Then

abb*=0=ab’b=0=ab*bha” =0= (ab™)(ab™) " =0=ab” = 0.

Hence R is *-reversible.

3)= (4) Trivial.
4)= (1) Any reversible ring is semi-commutative, hence by Lemma 3.1(iv) it is *-symmetric.

(
(
Proposition 3.3. Let R be a ring with 1 and with an involution *. If e is a central idempotent, then
eR and (1 — e)R are *»-symmetric if and only if R is *-symmetric.
Proof: Suppose that eR and (1 — e)R are x-symmetric. Let abc = 0 for a,b,c € R. Then
0 = eabc = a(eb)c.
Similarly
(1—e)abc =0=a((1—-e)b)c.
By hypothesis we get
0 = ac(eb)* = (ac)eb™ = e(ac)b*
and
O=ac((1—-e))"=ac(1—e)b* =ac(1—e)b*
Thus

ach* = each” + (1 —e)ach* =0,
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and therefore R is x-symmetric. The converse is obvious.m

Aring R is called Armendariz in [11] if in the polynomial ring R[x], (72, al-xi)(Z’}:O

all products of the form a;b; =0,Vi =1,+,m,j =1,--,n.
Let us define that:
Definition 3.4. A ring R is called *- Armendariz if in the polynomial ring R[x],

m n
(Z aixi) Z b]xf = 0,
j=0

i=0

then all products of the form b;a; = 0 (Equivalently a;b; = 0) Vi =1,-+,m,j =1,

Lemma 3.5. Every *- Armendariz ring is *- symmetric and - reversible.
Proof: Let a, b, c € R be such that abc = 0. Then
abxcx = (ab)cx? = 0 = (ab)c* =0
= ax(bc*)x = a(bc*)*x> =0
= abc* = 0.
Hence R is *- symmetric. The other part is trivial. m
Proposition 3.6. Let R be a reduced ring. Then the following are equivalent.
(i) R is*-Armendariz.
(ii) R is *- symmetric.
(iii) R isx-reversible.
Proof:
(i)=(ii) & (iii) hold by Lemma 3.5.
(ii)=(iii). If for any a,b € R,ab = 0, then

a*ab=0=a'ba* = 0= ba*bha* =0 = ba* =0.

Hence R is *-reversible.

b;x/) =0, then

Now we prove (iii)=(i). Letin R[x], p(x) = (ER,a;x") and q(x) = (X7, bjx’) with p(x)q(x) = 0.
Because R is reduced, so R is Armendariz. Vi=1,---,m and Vj=1,--,n,a;b; = 0.

Because R is *- reversible, Vi=1,--,mand Vj = 1,---,n, bja; = 0.
Hence R is *- Armendariz. m

4 Extensions of *-Symmetric Rings

Let R be a ring and M an (R, R) —bimodule. The well-known trivial extension of R by M is the ring

T(R,M) = R @ M with the usual addition and the following multiplication:

(rumy) (12, mz) = (1112, 1AMz + mqr2).
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This is isomorphic to the ring of all matrices (S T) where r € R and m € M. If we let M = R, then

T(R, R) is isomorphic to the factor ring % of the polynomial ring R[x].

Let = be an involution on a ring R. An induced involution, again denoted by =, on the trivial
extension T(R, R) of R, is given by:

a b\ _(a* b*
(O a) B (O a*)'
Note that the ring in Example 2.2 is a T(R, R) ring where we have a different involution.

For a *-symmetric ring R, T(R, R) need not to be a *- symmetric ring as it is discussed in the next
example.

Example 4.1. Consider the *-symmetric ring (Example 2.2)

R={(¢ Z) ja,b € 2,

wherex is defined by

*

6 o =G )

ey ey Y
co e ley ey
R N RO (N

Go Go \Go G0
ABC =0 but ACB* # 0. Thus T(R, R) is not x-symmetric.

Proposition 4.2. Let R be a *-rigid ring. If R is a *-symmetric ring, then T(R,R) is also a *-
symmetric ring.

Proof: Let ABC=0 for,

A=(g Z) B=((C) ‘j) cz(e f)eT(R,R).

ace = 0; (@Y
and
acf +ade + bce = 0. 2)

Note that R is reduced (by Proposition 3.1(iii)). So, for any a, b € R if ab® = 0 (or, a’bh = 0), then by
Lemma 1.2,
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bab =0= (ba)>=0=ba=0=ab=0. 3)
By (1) and Lemma 1.2,
acer =0 = ac(er) =0=c(er)a=0
and so
c(er)(ar) = 0= (ar)c(er) = 0= ar(er)c* = 0= arec’r* =0 = arer*c = 0.
From (2), we have.
acfe + ade® + bce? = 0.
By (1) and Lemma 1.2,
eac = 0 = eacf = 0 = (acfe)* = 0 = acfe = 0.
Thus by (2) and (3) we get
ade® + bce* = ade + bce = 0.
Hence
a*de + abce = 0.
Again by (1) and Lemma 1.2,

bace = 0= ebac =0 = ebca* =0
= (bc)(a*)e = 0= a(bc)e = 0.

So
a’de =0 = ade = 0.
Hence by (2)
acf +bce =0
If we multiply last equation on the left side by a, we get:
a’cf + abce = 0,
since abce = 0, it follows that a’cf = acf = 0, hence bce = 0.
From (2) acf = 0.
Finally, since R is * symmetric, aec* = 0, afc* =0, aed* = 0 and bec* = 0.
Hence we conclude that: ACB* = 0, and therefore T(R, R) is *-symmetric.

Abusing notations, let us continue to use the same involution * and the term x-symmetric for the
ring R and simultaneously for its extension rings.
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Example 4.3. We verify that if R is reduced and *- symmetric, then the ring

a b c
S=3l0 a b :a,b,c ER
0 0 a

is also *- symmetric.
Consider three elements

a a; a, b by b, C G G
A:[O a al], B=|0 b bl], C=[0 c cl]ES

0 0 a 0O 0 b 0 0 ¢
If ABC = 0, then:
(1) abc=0

(2) abcy+abic+abc=0
(3) abc, +abycq + arbcy + abyc + abyc + aibic + a,bec = 0.

Since R is *- symmetric, by (1) we get:
bca = cab = acb* = b*ac = 0.
Multiply (2) by ab
abc,ab + ab;cab + a;bcab = 0 = abc,ab = c,(ab)? = 0 = c,ab = abc, = ac,b* = 0.
This means that
ab,c + a;bc = 0 = bcab,c + bca,bc = 0 = a,bc = a;cb* =0 &acbh; = 0.
We conclude that
(4) achf +ac;b* +a,ch* =0.
Now multiply (3) by ba,
abc,ba + abyciba + a1bciba + ab,cba + abycba + a1bicha + a;bcba = 0.
This gives
ab(cy,b)a = 0 > abc, = ac,b™ = 0.
Multiply the remaining terms in (3) by a from right and by ¢ from left we get
cabicia + caibcia + cabyca + cab,ca + caibica + cazbca = 0
and simplify the terms we get:
cab,c,a + cab,ca = 0 = byca = 0 = acb;=0.
Same technique is continued until we get

acib; = a,cby = acy b = 0.
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Hence we conclude that,
a;cb* + acy by + a;c;b™ + acb; + acbi + a,cbh; =0

so, ACB* = 0, means that S is *- symmetric.

Theorem 4.4. Let R be a reduced ring and n any positive integer. If R is *-symmetric, then
R[x]/< x™ > is a »-symmetric ring where < x" > is the ideal generated by xn.

Proof: Let S = R[x]/{(x™) Forn =0, R[x] =S. Because R is reduced, so R is Armendariz, and

R[x] is *-symmetric. Forn=1, S = % = R isx-symmetric. For n =2 or 3, S is *- symmetric by
Examples 2.2 & 4.4 and because of the fact that R[x]/(x™) has the Barnett matrix representation

even for non-commutative rings without 1,

al az cee an
Rix] =0 @ " an-1 :a;,b,c ER .
(x™) S a:
0o 0 . %
Now let

f=ayta X+ +an_ X" g=by+bx+-+b, X", h=cy+cx+ +c,_x"1ES
Assume that fgh = 0.
Hence, a;b;c,x"/** = 0foralli,jand k, wheni+j+k >n
Then we have
(D agboco =0

(2) aonC1 + aob]_Co + albo(:o =0
3) apbocz + agbicy + agbacy + ai1bcy + aibyco + azbcg =0

(n—-2) AoboCn—z + AgbiCp_3 + -+ An_3b1Co + an_3boco = 0
(n—1) aobocn_1 + aghicn_z + -+ An_3boC1 + an_3b1¢o + an_1boco = 0

By induction hypothesis, a;bjc, =0for i+j+k=0,...,(n—2) and from equ (n—1) X boco
gives, a,_1by,c, = 0 and so (n — 1) becomes

n-1) agboCp_1 + aghicp_y + - an_ybicy = 0.
If we multiply (n — 1)’ by bico (on the left side we get,):

bicoaoboCpn_1 + bicoaghicpn_y + - +bycoa,_,bico = 0.
Since bicpa; =0, i=0,--,n—1, then a,_,b,;cy = 0.

Again we multiply {(n — 1)"\a,_,b1co} by bocy, we find, a,_,byc; = 0. Next we multiply {(n — 1)"\
an—2b61c0+an—260c1 by b1c2we get, an—261c2=0.
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Continuing in this way finally we get
An-2b1¢o = An_3boc1 = ay_yb1¢; = agbiCpy =+ = apbycy—; = 0.

The rest is trivial.

5 Conclusion

In this work we have extended a study of symmetric rings to *-symmetric rings where * is some
involution on the ring. We have invertigated some basic properties and have posed several
examples and counter examples.

Acknowledgement

The author expresses her gratitude to S. Khalid Nauman for his valuable remarks and helpful
comments.

Competing Interests
Author has declared that no competing interests exist.

References

[11 Lambek J. On the representation of modules by sheaves of factor modules. Canadian
Mathematical Bulletin. 1971;14:359-368.
Available: http://dx.doi.org/10.4153/CMB-1971-065-1

[2] Cohn PM. Reversible rings. Bulletin of the London Mathematical Society. 1999;31(6):641-
648. Available: http://dx.doi.org/10.1112/S0024609399006116

[3] Shin G. Prime ideals and sheaf representation of a pseudo symmetric ring. Transections of
AMS. 1973;184:43-60.

[4] Shafee BM, Nauman SK. On extensions of right symmetric rings without identity. Advances
in Pure Math. 2014;4:665-673.
Available: http://dx.doi.org/10.4236/apm.2014.412075

[5] Fakieh WM, Nauman SK. Reversible rings with involutions and some minimalities. The
Scientific World Journal. 2013;8:Article ID:650702.
Available: http://dx.doi.org/10.1155/2013/650702

[6] Kwak TK. Extensions of extended symmetric rings. Bull. Korean Math. Soc.
2007;4(2007):777-788. Available: http://dx.doi.org/10.4134/bkms.44.4.777

[71 Knus MA, Merkurjev AS, Rost M, Tignol JP. The book of involutions. American Mathematical
Society, Colloquium Publications, Providence, RI, USA. 1980;1988:44.

504



Fakieh; BJMCS, 8(6): 492-505, 2015; Article no.BJMCS.2015.181

[8] Bell HE. Near-rings in which every element is a power of itself, Bulletin of The Australian
Math. 1970;Society 2(3):363-368.
Available: http://dx.doi.org/10.1017/s0004972700042052

[9] Marks G. Reversible and symmetric rings, Journal of Pure and Applied Algebra. 2000;
174(3):311-318.
Available: http://dx.doi.org/10.1016/s0022-4049(02)00070-1

[10] Oukhtite I, Salhi S. Z-prime rings with a special kind of automorphism. International Journal
of Contemporary Mathematical Sciences. 2007;2(3):127-133.

[11] Rege MB, Chhawchharia S. Armendariz Rings. Proceedings of the Japan Academy. Series.
A, Mathematical Sciences. 1997;73:14-17.

© 2015 Fakieh; This is an Open Access article distributed under the terms of the Creative Commons Aftribution License
(http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your
browser address bar)

www.sciencedomain.org/review-history.php?iid=1035&id=6&aid=9105

505



