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ABSTRACT

This work reassesses previous results and generalizes the expression for the low-frequency
spectrum of magnetic fields fluctuations in a thermal plasma, that was previously obtained within
the framework of the fluctuation-dissipation theorem. The new approach presented here is able to
avoid any approximation yielding a unique expression that covers both the low- and high-frequency
spectrum, without the need of procedures to smooth the junction between the two limit frequency
regions formerly used. Also, the simultaneous dependence of this intensity on the plasma and on
the collisional frequencies is discussed. Finally, the total emitted plasma energy is compared to the
Stefan-Boltzmann law of a pure black-body.
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1 INTRODUCTION

Our universe is filled with magnetic fields present
in almost all galaxies and clusters of galaxies,
which are essential for many physical processes,
such as synchrotron radiation generated by
astronomical objects like pulsars and quasars.
One possible explanation for these fields is built
by considering an initially weak field, which
is amplified by a dynamo mechanism [1, 2,
3, 4]. However, this process needs a so-
called seed field. These seed fields are
presumed to be generated shortly after the
Big Bang. Several theoretical explanations of
how they were created can be found in the
literature, such as the Biermann mechanism [5],
supernova explosion [6, 7, 8], electromagnetic
fluctuations in plasma [9, 10, 11] and others.
Considering this last topic, Tajima, et al. [12]
noted a lack of a concrete expression of the low-
frequency spectrum of fluctuations of magnetic
fields in thermal plasma and argued that this low-
frequency spectrum can be the origin of magnetic
fields in the Universe.

Fluctuations of physical quantities near zero
frequency have been investigated by several
authors since the papers of Johnson [13]
and Nyquist [14]. A general theory on the
fluctuation-dissipation theorem, which will be
the starting point of this paper, was developed
in [15]. To the best of our knowledge, an
approximated expression for the low-frequency
spectrum of magnetic fields fluctuations in a
thermal plasma was obtained for the first
time in [16]. They found a peak around
w = 0 magnetic fluctuation which was
interpreted as the evanescent energy component
of electromagnetic fluctuations “screened” in
plasma, below the plasma frequency. The

impact of such a result into the cosmic
<B2>E’w _ 2hw 2 %
. = hwlkgT _q %P

microwave background was then investigated
in [12].  Although in these two references
the authors claim that the fluctuations were
rigorously computed, several approximations
were indeed made and they were not able to get
a unique formula covering both the low- and high-
frequency spectrum. Some criticism concerning
Tajima’s results can be found in [17, 18], where
a new model was developed including thermal
effects as well as collisional effects.

The aim of this paper is very specific. We
reevaluate the derivation of the spectrum of
magnetic fluctuations, in the case of electron-
positron plasma, avoiding any approximation
in the low-frequency region and also in the
transition between the low- and the high-
frequency spectrum. Several different behaviors
between ours and previous results [16, 18],
mainly in the low-frequency part of the spectrum,
are found and discussed. We are also able to
make new quantitative predictions, such as how
the energy density of the magnetic fields deviates
from the Stefan-Boltzmann law of an ideal black-
body.

2 THE FIRST PREDICTIONS

The fluctuation-dissipation theorem developed
in [15] can deal with the thermal fluctuations
inside a plasma in or near thermal equilibrium.
The expression for the magnetic field fluctuation
in a homogeneous isotropic non-magnetized
equilibrium plasma was obtained in [16] looking
at waves in such a plasma. In an electron-
positron plasma, for example, the magnetic
fluctuations in wavenumber and frequency space
are given as a function of the plasma temperature
T by

(w? +n?)kct + 2w? (w2 —

w2 — 772)k262 + [(w2 _ wg)Q + 772w2]w2
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where k, is the Boltzmann constant, and w, and  with
n are, respectively, the plasma and collisional In(A) = In (47neAB)
frequencies. In an electron-positron plasma, the

o X 9 where Ap is the Debye’s length
plasma frequency w; is given by the relation w; =

w2y + w2, ;8INCe Wyt = W~ We have knT
Ap = (2.2)
) 4dmnce?
2 2 . 2 TL547T€ X _ I{IBT .
Wp = Wpe; Wpe = —— and v = 1+mec2 Integrating the former equation in dk =

4mk*dk we get (the Fourier transform)
with e and m. being, respectively, the charge
and the mass of the constituents (electrons and
positrons) of the plasma, n. being the electron

(B?), J dk (B

Slw) = 8 (2m)3 8w

(positron) density. In addition, the collisional 0
frequency is = JO S(w, k)dk (2.3)
New =Nt =1 =17 = 2.91x10 . 77 In(A) Thus we have to solve the following integral:
S(w) = 2hw n O‘i’
T ks T _q (2m)3 2
0 4
« (4m)k*dk 2.4)

0

2 2 2\2 2 2
(W* + )" + %(wi —w’ =Pk + [(w — wpc)4 e ] w?
The integral over wavenumbers to be solved in breaking up the k integral into two intervals,
Eq. (2.4) clearly shows a high wavenumber linear by introducing what the authors called “a cutoff
divergence. According to [16], this is expected value” keut, With zeut = kcurc/wpe. Technically, this
since the derivation is based on classical fluid kcut is not really a cutoff. It would be better to be
equations of motion and the constant collision called a “convergence point” which was arbitrarily
frequency 7 is considered to be independent of chosen by Tajima, et al. to obtain a smooth
k. However, they prefer to carry on their analyzes connection at the joining point of the low and high
in the simpler phenomenological approach. To spectrum. Although these authors sustain that
overcome the large k dependence, they first take their results do not critically depend on this upper
the limit » — 0 and then they integrate over k to limit, it was shown in [18] that this is not true.
infinity, which corresponds to the vanishing cross The integration from 0 to k.t done in [16, 12], n
section of collisions as & — oo. This is a very was kept finite while in the integral from kcut to o
delicate point and we will turn back to this point the approximation » — 0 was considered. The
in Section 3. For both the high frequency and expressions obtained for the high and low parts
high wavenumber limits the authors emphasized of the spectrum were, respectively:
that the expression of Eq. (2.1) has a substantial

value only where w? — ¢®k*> — wy ~ 0. The (B*., 25( ) wp K2dk+
combined high-frequency and high wavenumber 8t or w + c2k? o5
limits were got by letting n — 0. The expression 1 A (2.:5)
. 2 213/2
for the low-frequency spectrum was obtained by Jng kT _ (W™ —wy)
and
N <BQ>w’ B i hw’ , % 3 1,4
S(w) = oy T 3 e R D 2n ( - ) x (W2 + 2y + - do +
(2.6)

h(w? — w/2)3/2 wpe \
e _ . Je2r2 2
2meiwpe/kp Thw' _ ( c ) x O eyt T @)

12
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where © is the Heaviside step function; »’
1/wpe, W' = w/wpe, and w;, = wp/wWpe.

Defining, as in [16] and [18], the normalization

factor )

So = wpelzBT
C

we can numerically reproduce the previous

results, based on Eq. (2.6), of those references

2.7)

as shown in Fig.1.

Finally, the zero frequency limit of the magnetic
fluctuations is give by

0 20

40

lim% ha' «
S8 T (e T 1)
w 3 1 Zeut
2(2) = dr (2.8
% ( c ) n’L v (2.8)
n\‘\.
/
w

60 80 100

Fig. 1. Plot of the normalized magnetic field spectrum of Eq. (2.6) made by us (full line),
compared to the plot given in Fig. 1.b of [18], both ploted for T = 7 x 10° K,
ne = 4.6 x 103° em ™3 (v = 1).

At this point the frequency spectral intensity
was plotted for a temperature T = 10'° K,
by requiring that the value of ket (Or cut)
provide a smooth behavior at the joint between
the low-frequency spectrum and the black-body
spectrum. The choice was keut ~ wpe/c OF (xcut ~
1). The result for other temperature values were
presented in another paper [12]. The main claims
by these authors was that the intensity of the
spectrum does not vary sensitively with ke, and
that, near w = 0, the spectrum goes like w™2.
Let us now show our general and exact
results.

3 GENERAL RESULT

Our analytical solution for Eq. (2.4) was obtained
by introducing a dimensionless variable y = k/k.,
where k. = w/c, and reducing the integrand into

13

partial fractions, namely

® .4 .
S(w)=DbL 7y4_y2;;z+c=DbL %dy
with D = % (i) <%) n oo =

S )b = @A) O o= 1+
. (:é - 2), F(y) = —2ay® + C and f(y) =

y* — 2ay® + C. The ratio between these two
functions is expressed as

F(y) Al A2 AS A4

= + +

f) y—wn Y-y y—ys Y—u
where y; are the roots of f(y) and A;
F(y:)/f'(y:), for i = 1,2,3,4. A straightforward
calculation gives rise to our expression for
S(w), which will be expressed as a function
of the variable ' w/wpe to facilitate future
comparisons, i.e.,
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, B 1 ﬁw’3
S(w ) T n2r2 (e(hwpe/kB T)w’

/
n
X {2>\Cw/2+,’7/2
where A\ = keuitc/wpe, and f, g and h are
functions defined by:

11/2
™ UJ/

0= s @ v

g(w/) _ (w/2 +n/2)1/2 x
X Aw2(w?2+172) +4(1-w'?)

h(w') _ w/(w/2 + 7712 _ 2)

The constant A, represents, in our scheme,
the cutoff to avoid the linear divergence in the
wavenumber variable and, thus, must assume
a high value. For us, A\. has the same

=)

+ f(w) [h(w'

W\ 3
pE) %
c

Walw) + 1) -2V e @]} @)

purpose of the Tmax = kmaxc/wpe Used in the
Tajima et al. works, where kmax is introduced
to avoid in a Coulomb collision that, for small
distances, the Coulomb energy exceeds the
kinetic energy. This occurs approximately for the
closest approximation distance of a test particle
and an electron in the plasma (See Ref. [18]).
Therefore, A\. cannot be of the order of 1. For
the sake of future comparisons, we will fix the
following plasma parameters: T =~ 10'° K,
ne ~ 4.8 x 10 cm™ and A\. ~ 2444.4. In
any case, we can show that we have a small
dependency of Eq. (3.1) with the A. value as can
be inferred from Fig. 2.

100

Wl_‘_i———ll_‘_i_‘_ S(LL))

W - - )7_4_4717#,_7(——-’?_6
14

12

AL A 10
e 5000 10000

0 Ac

Fig. 2. Plot of In [S(w') /S0 |, where S(w’) is given by Eq. (3.1) considering the following
parameters: 0 < w’ < 10,y = 2.18724, T = 7 x 10° K, n. = 4.6 x 10°* cm~2 and a huge range of
¢ values.

Our exact results, based on Eq. (3.1), are plotted
in Figs. 3 and 4, considering, respectively, two
different ranges for v’ (0 < ' < 10, and 0 <
w’ < 100), with Sy defined in Eqg. (2.7):

They are both in good agreement with the results
of [18].

Lastly, in order to study the behavior of S
by varying both the plasma’s frequency and
temperature, we have to come back to the
variables w and 7', since w’ = w'(T).

We still need to know how the plasma density n.
varies with the temperature 7.

14
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In[S(w’)/S,]

/

-1F

10 W

Fig. 3. Plot of In [ S(w')/So ], where S(«’) is given by Eq. (3.1), for the following parameters:
0<w <10,v=218724,T = 7 x 10° K, n. = 4.6 x 10°° em™3 and \ = 2444 4.

20 40

o

-1F

. . . /
60 80 100 W

Fig. 4. Plot of In [ S(w')/So ], where S(«’) is given by Eq. (3.1), for the following parameters:
0 <w' <100, =2.18724, T = 7 x 10° K, n. = 4.6 x 10°° cm~> and \ = 2444.4.

Generalizing the book of Paul M. Bellan [19],
inside the plasma, i.e., for |z| > Ap, we will
assume that the electron distribution function is
given by a Maxwell-JUttner distribution [20, 21]
with temperature T'. This distribution describes
the situation where the gas becomes hotter and
kpT approaches or exceeds mc®. Since the
distribution function depends only on constants
of the motion, the one-dimensional electron
velocity distribution function must depend only

15

on the electron energy E + ge{p(x)), having the
following dependence

B
0K>(1/0)
X exp [— (% + qe(gp(w))/kBT)]

fe(v,z) =

X

where 8 = v/c = \/1 —1/42, 0 = kT /mc* and

K> is the modified Bessel function of the second
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kind. So, the electron density is
00

f dyfe(7,0)
—o0

= noexp(—qelp(z))/kpT)

Let us take from the mean plasma density the
expression

ne(z)

~\kpT
Ne = No€ Ik

(3.2)
The parameters n, and \ are fixed by using two
different inputs [18]: n. = 4.8 x 10%C for T =
1x 10" K, and n. = 4.6 x 10* for T = 7 x 10° K.

We have to solve the system
4.8 x 1030 _ n 67>\/861730

46 x 10°° = p e Mo0321

which has the following solutions:

and )\ =8.56x10"eV

(3.3)
Thus, in our future calculations, we will adopt the
following expression for a(T'):

no = 5.30x10°° cm™?;

1/2
o= 2eh <27T’I’Lo> e_/\/(QkBT)

=T o (3.4)

So, using Egs. (3.2), (3.3) and (3.4), we get the
result shown in Fig. 5 for S(w, T').

Fig. 5. Plot of S(w, T') considering the same parameters as the Fig. 4 but with variable
temperature.

In Fig. (6) it is shown how our prediction depends on the choice of the ~ factor.

16
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Fig. 6. Our prediction for In[S(w’)/So] for v = 1 and = 2.18724.

Finally, the prediction of our model compared
to that of [18] is shown in Fig. 7. One should
remember that the prediction of [18] is based on
a model that extends that of [16] and [12] by
including both thermal and collisional effects in
Notice, however, that

the plasma description.

when this prediction is compared to ours we
get quite good agreement, which means that
the previous discrepancy between the previously
cited papers is mainly due to the approximations
introduced in [16] and [12] which were not
necessary in our approach.

/
w

0 20 40

60 80 100

Fig. 7. Plot of the normalized magnetic field spectrum of Eq. (3.1) made by us (full line),
compared to the plot given in Fig. 4.b of [18], both for 7' = 7 x 10° K, n. = 4.6 x 10°° em~3 and
A =24444 (y = 1).

17
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4 SOME USEFUL LIMITS where,
imit o — So 1 ho wWpe ) 3
4.1 Thelimitw' — 0 -1 <€(Wpc/kBT)w/ - 1) ( : )

Let us calculate now the limit ' — 0, given by

Eq. (3.1).

' s w’
L eyt ) = 2 25
5 = (wpe> h VR
w’~0 72 C pe
1+ w =1 ,
ksT h(w') - W'(W'? =2)
1 wge T
T TR R g(w) = WV 4 —4w'? = (WP -2)
Thus, ThUS,
S(W’) = So X / 3
w/~0 w’~0 S(w’) N % hew . (%) X
T e(ﬁwpﬁ/kBT)w -1 c
x 12 pw)| | x[] « TN ) T
n w’~0 \/5 w'3
0
. - . or
or, finally, our prediction is
12 5\3/2 3
’ 2 wgekB S A l h(w 2) (%) 4 1
S w0 | T2 c3n! AT @) m \ elhwpe/kT)0" _ 1 c (4.1)

This is exactly what Tajima has found (kg = 1),

1

This is exactly 2 times the second term of
the principal formula of Tajima et al, which

2 2
lim <B">e _ % %xcutT appears multiplied by the Heaviside function
w=0 81 T e O(w — +/cZkeus +w2), which, for us, is just®
/12
with 0(w'? - 2).
 kouc ) If w' » +/2 (or in the limit w,e — 0), we get the
Tot = Leut = well known Planck distribution®
while for us
/ L ﬁw/S Wpe 3
Shnax _ dcpe A = Shmex o) = 1 (i) ()
w w Wpe

which is the same factor.

Thus, asymptotically, this result gives rise to the
Stefan-Boltzmann law, ErocT?, if we integrate
Spianck(w’) over w’.  However, for the plasma,
we have to integrate Eq. (4.1). It is clear that
the contribution to this integral from the range
V2 < w' < 10, should yield a small deviation from
this law. Let us now demonstrate it and determine
its value.

4.2 The ' — 0 limit of S(«')

Let us now determine the " — 0 limit of S(w’),
given by Eq. (3.1). It is given by

So

wl?

SW) = f)n(w')
LEq. (19) of [16].
2Qtherwise, the term (w’2 — 2)%2 could be imaginary.
3We can see graphically that this is the case for w’ > 10.

g9(w’) + h(w')

n'=0

18
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5 DEVIATION FROM THE
STEFAN-BOLTZMANN LAW

We have to solve the following integral to
calculate the energy density of the cold plasma,
Er, with S(w') given by Eq. (4.1):

© S(w)

Er = 2\
T \/5271'

dw

Rewriting S(w’) as a function of w, S(w),

1 (W = 2w,e)P Y (1)°
Swi=2 ( o —1 ) \G
So,
Q0
Er = de (5.1)
N
B h ®© (w? — 2wge)3/2 d
T 9r23 Ve ehwlkpT w
Let us make
w = k]:;;Tz = dw= k;sz

In terms of this new variable z,

© 301 _ 2/.2\3/2
L (k‘BT)4J ZA=a /)Ty,

Fr=————
T or2p3cs er —1

a

(5.2)
where o(T) is given by Eq. (3.4).

The integral of Eq. (5.2) can be numerically
solved and we find J = 6.42733. For the values
of T' we are considering in the range 10° —10*° K,
a? ~ 0.0003. So, we can made the approximation
below, which can be numerically verified to be a
good approximation. Indeed,

© (3 _ g 2
sz (7 —=3072)2) § 6 19576

[Z—
o e 1

So, we have to compute two integrals:

© g8 3a®> [ 2
J= dz — 20 d
j 177 72 e 1"

a a

It is convenient to have the integral from 0 to c©

19

and, then, let us define y = z — a. With this
change,
0 3 2
o (y+a)  3a’(y+a)
J=e {fo ev—e @ 2(e¥ — e*“)dy

All those integrals are particular cases of the
integral ([22], p. 354, Eq. (22)):

0 p—1
j x dx = LF

o €7 —q

= TL(p)r"e(g,p,1)

if [p > 0,r > 0,-1,¢,1], where ® is the Lerch
function ([22], p. 1039), and I is the usual gamma
function. In our case, »r = 1 and ¢ = e “.
Knowing this general result, we have to compute:

o , 3 2 2 3
3 3
J J y° 4 3ay” + 3a”y + a dy +

— —a
0 e¥Y —e

J1
o]
+a
+ J e o— !
o €¥Y—e
J2

where Jo = I['(2)®(e™*,2,1) + a®(e™?,1,1)
and

Ji = T@)®(e* 4,1) +3al(3)B(e™*,3,1) +
+ 3a°T(2)®(e”*,2,1) +a’®(e”*,1,1)

But we know also that, in general,

Lin(e™®)

e—¢a

De" " n,1) =
where Li, () is the polylogarithm function.

Therefore, in terms of this function, J = J; + J>
can be written as

J = 6Lis(e™ ™)+ 6alis(e™®) +

+ gaQ Lig(e_a)—%ag Liv(e™®) (5.3)
Knowing how a depends on T, Eq. (3.4), the
above equation is the general expression for the
T-dependence of our result given by Eq. (5.2),
in the interval 2 < ' < 10. This dependence
was not discussed by Tajima. Note that the
above equation gives the same numerical result
previously found, i.e., J = 6.42576. Therefore,
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1 4 . —a . —_a 3 2. _a 1 3. —a
= gragpes (KpT) = OL(e™™) + Galis(e™) + a7Lia(e™) = a7Lh(e™)

or, in a more convenient formula,

Er

Er = (2—0) T* x 1—2 [6 Lis(e™*) + 6aLiz(e™ ) §a2 Liz(e™) — la3 Lil(e_a)] (5.4)
c T 2 2
where we have introduced the usual Stefan- «a(T) given by Eq. (3.4).

Boltzmann constant o Notice that the expression for plasma radiated

energy, Er (in red in Fig. 8, is below the curve
for the magnetic component of the black-body
radiation (in blue), (20/c)T*, for an intermediate
To plot Eq. (5.4) we have used the expression for region of temperature.

274
o= (678;”?2) =5.670x10" " erg-cm™2.s7 K™

1022 |

2 107}

20|
10 2,
c

Total ener

109} — Er

18l 1 . 1 ,
101x1oB 2x10° 5x 108 1x10° 2x10° T

Fig. 8. Deviation from the Stefan-Boltzmann law.
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