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Abstract

Associated with every commuting m-tuples of operators on a complex Hilbert space X is its
Aluthge transform. In this paper we show that every commuting m-tuples of operators on a
complex Hilbert space X and its Aluthge transform have the same joint essential spectrum.
Further, it is shown that the joint essential spectrum of Aluthge transform is contained in the
joint essential numerical range of Aluthge transform.
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1 Introduction

Denote by B(X) the algebra of (bounded) linear operators acting on complex Hilbert space X
with inner product (,). For each operator T' € B(X), its numerical range denoted by W(T) is a
subset of complex plane C defined by W(T) = {(Tw,z) : € X, (z,z) = 1}. This implies that
W (T) is the image of the unit sphere {z € X : ||z|| = 1} of X under the (bounded) quadratic
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form x — (Tz,z). This concept of numerical range, also known as the classical field of values on a
Hilbert space, was introduced in 1918 by Toeplitz [1] for matrices. Since its conception, there has
been an extensive research on this concept and its generalization. For instance, it is known that
the spectrum of T' denoted by o(T") is contained in the closure of numerical range, W (T'). Here, the
spectrum of an operator T is defined as o(T) = {\ € C: T — A is not invertible}. The spectrum
of an n X n matrix is vital in giving many properties of the matrix. For instance, it is clear that a
matrix A is invertible if and only if 0 € o(A). The spectrum has various components, among them
the approximate point spectrum which we define as the complex number A € C such that for a
sequence {x,} of unit vectors in X we have ||(T" — AI)zm|| — 0. Dekker [2] extended the notion
of numerical range to joint numerical range in 1969. Let T' = (Ti,...,Tm) € B(X) be m-tuples
of operators on a complex Hilbert space X, the joint numerical range is denoted and defined as
Wi (T) = {((Tha,z), ..., Tz, 2)) : v € X, (z,x) = 1}.

Also related the study of numerical range is the notion of essential numerical range. The essential
numerical range for a single operator was introduced and studied in [3] by Stampfli and Williams
in 1968. It is denoted and defined as We(T) = {A € C: (Txm,Tm) = A, Tm — 0 weekly}. It is
worth noting that much has been done on the essential numerical range. For instance, it was shown
in [4] and [5] that the essential numerical range of an operator T' € B(X) is related to the usual
numerical range by the formula W.(T) = (\{W (T + K) : K € K(X)}, where K(X) is the ideal of
all compact operators in B(X). It is clear that the essential numerical of an operator T is contained
in the closure of the numerical range and that W.(T') contains the essential spectrum of T, o.(T)
[4]. The essential spectrum o.(T) is defined as o.(T) = {\ € C : T'— AI is not Fredholm}. Recall
that an operator T' € B(X) is Fredholm if it has a closed range with infinite dimensional null space
and its range of finite co-dimension.

In the sequel, a bounded linear operator T' € B(X) is said to be an isometry if ||Tz|| = ||z|| Yz € X.
We say that T is a partial isometry if it is an isometry on the orthogonal complement of its kernel,
that is, for every = € ker(T)*, ||Tz| = ||z|| where ker(T) denotes the kernel of a bounded linear
operator T. In this paper, we recall that Aluthge transform T of a bounded linear operator T on
a complex Hilbert space X is the operator \T|%U |T|% and T = U|T| is any polar decomposition
of T with U a partial isometry and |T| = (T*T)%. Here, an operator T denotes the adjoint of
T € B(X). Recall that the adjoint of T € B(X) is a linear operator 7" € B(X) defined by
the relation (T'z,y) = (z,T"y) Vy,x € X. The adjoint T* € B(X) of an operator should not be
construed as the adjoint of a matrix A denoted by Adj(A) which is the transpose of the cofactor
matrix. Aluthge transform has been extensively studied due to its usefulness in the study of p-
hyponormal and semi-hyponormal operators.

The notion of numerical range W (T') of an operator and its generalisation was later extended to
the study of numerical range W (T') of Aluthge transform T'. For instance, Yuan Wu [6] proved that
the closure of the numerical range of T is contained in that of T. Let *-Aluthge transform T* be
defined as \T*|%U|T*|%. Both T and T* are independent of the choice of the partial isometry U in
the polar decomposition of 7. In 2007, Guoxing, Liu and Li [7] studied the essential numerical range
and the maximal numerical range of Aluthge transform. They proved that the essential numerical
range of T is contained in that of T and is the same as that of 7.

Various connections between an operator 7' and its associated Aluthge transform T were studied
by Jung, Ko, and Pearcy, [8] in particular with regard to the invariant subspace problem.

Proposition 1.1. If T € B(X) and T has a nontrivial invariant subspace, then so does T.



Cyprian; JAMCS, 36(8): 1-9, 2021; Article no.JAMCS.57208

See [8] for the proof and more.

Yuan [6] studied the relation between numerical range of T and its associated Aluthge transform T

and proved that the containment W (7T) C W(T') holds for any operator T' € B(X).

Theorem 1.1. W(T) C W(T) for any operator T € B(X).

See [6] for the proof.

In this report, firstly, we show a property of Aluthge transform on the joint essential spectrum, that
the joint essential spectrum of T coincides that of T'.

Secondly, we show that the joint essential spectrum of T is contained in the joint essential numerical
range of T'.

2 Joint Essential Spectrum of Aluthge Transform

In this section, we give certain properties of the joint essential spectrum of commuting m-tuples of
complex Hilbert space operators. Further, we show that the joint essential spectrum of T' coincides
with the joint essential spectrum of T. Let T = (T1,...,Tm) € B(X) be commuting m-tuples
of operators on a complex Hilbert space X and T; = U;|T| for 1 < j < m be any joint polar
decomposition of T' = (11, ..., Tm) € B(X) with U; a joint partial isometry and |T| = (I7711 + ... +

T,;Tm)%. The joint Aluthge transform is defined by T = <|T|%U1\T|%‘..\T|%Um|T|% . Dash [9]

defined the joint essential spectrum of commuting m-tuples of operators T = (T4, ..., Trm) € B(X)
as oc,, (T) = ol (T)UoZ (T). Dash [9] also showed that oe,, (T) C 0 (T) where oy, (T) is the
joint spectrum of commuting m-tuples of operators T' = (711, ...,T,n) € B(X). Motivated by this
definition, the set oe,, (T) of Aluthge transform is equivalently defined as o, (T) = o' (T)Uo?, (T)
where the left (right) joint essential spectrum aém(f) (a’gm(f)> of Aluthge transform are defined
as

ol (T) = {()\1, s Am) € C™ ¢ Bi(Ty — M) + ... + Bo(Tin — AmI) is not a Fredholm operator
for all operators B = (Bi, ..., Bn) on X} and
Ten (T) = {()\1, vy Am) EC™ (Tl —MD)Bi+ ...+ (Tm — AmI) By, is not a Fredholm operator for

all operators B = (B4, ..., Bm) on X }

Remark 2.1. If A= (A1, .o Am) € 0L (Ty = A1) *(T1 = M) + oo 4 (Ton = A)* (T — Am))
then 0 € Oep, ((Tl — )\1)*(T1 — )\1) =+ ...+ (Tm — Am)*(Tm — )\m))
A=Aty Am) €00 (Tt = M) (T2 = A)* + oo+ (Ton = ) (T — Am)”)

then 0 € oe,, (Tt — X1)(Tt — A1)* + oo + (Ton = M) (T — Am)).
The converse of a) and b) are true.

Theorem 2.1 characterizes the sets o', (T) and o, (T).

Theorem 2.1. Let T = (11, ...,Tm) be commuting m-tuples operators on X and let
T = (Ui|T),...,Un|T|) be the associated joint polar decomposition. Then: X = (A1,...,Am) €
L (T) if and only if there exists a sequence {T.n} of unit vectors in X with ., — 0 weakly such that

em

g,
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(T2 = A1) (T — A )T || = 0 asm — 00. A= (A1, ..., Am) € ot (T) if and only if there exists a

sequence {xm} of unit vectors in X with xm — 0 weakly such that ||(Ty — N;)@m...(Tjh — Ny || —
0 asm — oo.

Moreover, the sequence {xm} can be chosen orthonormal.

Proof. Let A= (A1,..., Am) € aém (f’) Then B; (ﬁ — )+ —I—Bm(fm — Am) # 1 for all operators
B = (Bi1,...,Bm) on X. Thus, (i — /\1)*(1~H A1)+t (Tm — /\m)*(Tm — Am) lacks left inverse
in X. Therefore, there exists a sequence {acm} of unit vectors with z,, — 0 weekly such that
(Ty = A (T = M) 4 oo+ (T = Am)* (T — Am) — 0 as m — oco.

Now,

(T2 = A)@m]||* + oo+ | (T = Am)m ||* = <(:F1 — M) (Tt = M) Ty Tm ) + .

+{(Ton = Am)" (T — Am)wm:$m>

= (T1 = M) (T2 — M) + ..

+ (T — M) (Tn — Am)Tm || = 0as m — co.
Therefore, ||[(Ty — A )Zm...(Ton — Am)&m || — 0 as m — .

On the other hand, let {z.,} be a sequence of unit vectors with x,, — 0 weekly such that
Ty — M) @me.. (T — Am)Zm || = 0 as m — oo.

Then

[(Th = M) (T = A)Zm + oo+ (T = M) (Do — M) | < ||(T1 = X0)* (T3 = M) || + oo + | (T —
/\m)*(Tm — /\m)me — 0. This implies that

0ol (Th=A) (Ti = M)+ oo (Ton = M) (Ton = Am)) = Ters (Tr = 20)*(T1 = M) + oo+ (Ton —
Am)*(Tm — Am)) implying that A = (A1, ..., Am) € ol (T) by Remark 2.1. Proof of part 2.1 follows
as that of part 2.1 by taking adjoint. This completes the proof. O

Throughout the remaining part of this section, let A = (44,..., An) and B = (B4, ..., Bm) be two
m-tuples of operators on X. We define AB = (A1Bi,..., AmBn) and BA = (B1 A1, ..., BnAw). If
A;BjAr = AxBjA; and B;AjBi, = BrA;B; for all ¢, 5,k = 1,...,m then A and B commute. If there
is no danger of confusion, we write A instead of A = (A4, ..., Ay) and B instead of B = (B, ..., Bm).

Note that if A and B commute and AB is commuting then BA is also commuting.

Lemma 2.2. Suppose that A = (A1,...,Am) and B = (B, ..., Bm) are two m-tuples of operators
on X and A = A*. Then AB is invertible if and only if BA is invertible.

Proof. Let A = A" and AB be invertible. Then there exists an operator Y such that ABY = I.
Thus, (BY)*A = I which implies that A is invertible. Therefore, both A and AB are invertible
meaning that B is invertible and so is BA.

Conversely, assume BA is invertible. Then there is an operator Z such that BAZ = I. Then
(AZ)*B = I so that B is invertible. Since BA and B are invertible, A is invertible. Thus, AB is
invertible. O

The following proposition by Halmos [10] will be used in the sequel.
Proposition 2.1. Let A,B € B(X). Then o(AB)\{0} = 0(BA)\{0}
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See [11] for the proof.

Theorem 2.3. Let T = (T1,..T) or T = (|T|ZUL|T|3...|T|2Upn|T|2) be left invertible.
Then |T| = (T{Th + ... + T2 Tin) 2 is invertible.

Proof. Assume T = (T1,...T),) is left invertible. Then 17711 + ... + T}, T, is left invertible implying
that |T| = (T Ty + ... + T7,Tm) 2 is invertible.

Now let T = (|T|%U1\T|%...|T|%Um\T|%) be left invertible. Then it is bounded below. This means
that there is a constant k > 0 such that

Te = |||T20T 22| + . + |[|TIEUnlTI 22| > K2||2||.

Since (U, ...,Um) is a joint partial isometry, it follows that

IIT)22| + ... + |||T)2 2| > H%Humn%

Therefore, \T|% is bounded below and hence |T'| is invertible. O

As a consequence, we state the following remark.

Remark 2.2. If the operator T = (T1,...T,) € B(X) is invertible, then |T'| = (I7T1 + ... +T;:LTm)%
is invertible and U = (Un, ..., Uy,) is unitary.

Theorem 2.4. The operator T = (|T\%U1|T|%...|T|%Um\T|%) is invertible if and only if
T = (T1,..Tm) € B(X) is invertible.

Proof. From definition of i if T = (Tt,..Tm) € B(X) is invertible then
T = (‘T|%U1|T‘%--~|T|%Um|T|%) is invertible.

It now remains to show that if 7' = (|T|%U1|T|%...\T|%Um|T\%) is invertible then

T =(ITYTh + ... + T;Tm)% is invertible. Assume the contrary that |T'| = (1771 + ... + T&Tm)% is
not invertible. Then |T|% is not invertible meaning |T \% is not bounded below. Therefore, there is
a sequence {x,} of unit vectors such that H \T|%xn” — 0.

Since Tz = H|T‘%U1|T|%$H2 +..+ H\T|%Um|T|%xH2 we have

| Tz|| < |\T12U||||IT)2 || + ... + |[|T|2 U |||||T] 2 || This implies that ||T|| — 0 so that 7" is not
bounded below and is thus not invertible. This contradicts and thus |T| = (I7T1 + ... + T;Tm)% is
invertible and so is T = (|T|%U1|T|%...\T|%Um|T|%). Since |T'| = (17T +...+TT*,LTm)% is invertible
and T = |T|~*2T|T|'? it implies T is invertible. O

The following theorem shows that 7" and T have the same joint essential spectrum.

Theorem 2.5. Let T = (T1,...Tm) € B(X) be m-tuples arbitrary operator such that
T = (U1|T), ..., Un|T|) with joint partial isometry Ui, ...,Um. Then o, (T) = oe,, (T).

Proof. Clearly, oe,, (T) \ {0} = oe,, (U1|T|, ...,Un|T|) \ {0} and

e, (T)\ {0} = oo, (|T|%U1|T|%...\T|%Um|T\%) \ {0} by applying Proposition 2.1.

Thus o.,, (|T|2UL|T|? .| T|2 Un|T|2) \ {0} = o, (U1|T|Z|T|2 ..U |T|3|T|2) \ {0}.

Since 0 € o,, (T) if and only if 0 € oe,, (T), by Lemma 2.2 we have that o.,, (T) = oe,, (T). O

We proceed by studying the finer components of the joint spectra of 7" and T. We write oy (T)
for the joint approximate point spectrum of 7' = (11, ...,T») € B(X) and define it as the complex
numbers A = (A1,...,; A) € C™ such that for a sequence {z,,} of unit vectors in X we have
Ty — M) @my ooy (Tn — Am)Zm]|| — 0. A joint eigenvalue oy, (T') of T = (11, ...,Tm) € B(X) is



Cyprian; JAMCS, 36(8): 1-9, 2021; Article no.JAMCS.57208

the complex numbers A = (A1, ..., A\m) € C™ such that for a nonzero joint eigenvector x there is
(T1 — M)x...(To — Am)x = 0. In general, we have o, (T) C 0p,,(T). Note that ox,, (T) = op,, (T)
holds for semi-hyponormal operators [12].

Theorem 2.6. For every T = (U1|T)|,...,Un|T|) in B(X) with joint partial isometry Un, ..., Um,
O (T) = 0r,, (T).

Proof. If A= (A1,...; Am) € 0, (T) there is a sequence {z,, } of unit vectors in X such that
Ty — A1) @my ooy (T — Am)Zm|| — 0. Thus,

|(UL|T| = A1) @m,s ooy (Um|T| = Am)m || — 0. (2.1)

Let A = (A1, s Am) = 0, then |||T|zm|| — 0. This implies that |||T[**zm| — 0 and ||[Tzm| — 0
meaning that 0 € o, (T).

Now let A = (A1, ..., Am) # 0. Then, from (2.1), H|T\12me # 0. Applying |T|** to (2.1) we obtain

(D171 = MITI)zms oo, (TIT)Z = A |T1) 2| — 0.

Thus A = (A1, ...; Am) € or,, (T) and o, (T) C or,, (T). It remains to show that o, (T) D or,, (T).

Now let A = (A1,...; Am) € 0x,,, (T). There is a sequence {z.,} of unit vectors in X such that
[(ITIZUT|Z = M) (IT|2Un|T|Z = A)@m | — 0. (2.2)

If A = (A1, ..., Am) = 0, then either |||T|"*zpm || — 0 so that ||Tzm|| — 0 or |||T|**zm| /4 0 meaning
that

Ui| T2 %m, oo, Un| T2 || # 0. But \T|% (and therefore T') maps

HU1\T|12alcm7 ceny Um|T|l2xm' # 0 to a null sequence. Thus 0 € o, (T).

Now let If A = (A1, ..., Am) # 0. Then, from (2.2) H|T|12a:mH # 0 meaning that
|ULIT | 2m, .o, Un| TP || /5 0. Apply [|UL|T|'?, ..., Un|T|"?|| to (2.2) to get
[(TUL|T)7 = MULT|2) @ (TUm|T|Z = AiUnn|T| 2 )@ = 0.

Thus A = (A1, ..., Am) € Or,, (1) and ox,, (T) D o, (T). Thus o, (T) = ox,, (T). O

Theorem 2.7. Let T = (T1,...,Twm) € B(X) be m-tuples arbitrary operator with joint polar
decomposition T = (U1|T)|, ...,Un|T|). Then op, (T) = op,, (T).

The proof is omitted since it runs through as that of Theorem 2.6 if we replace {z,,} with z.

3 Joint Essential Numerical Range of Aluthge Transform

The notion of the joint essential numerical range of m-tuples of operators T' = (11, ..., 1) € B(X)
has been studied by various authors. It is related to the joint numerical range by the formula
Wep, (T) = NV {Wm (T2 + K1, ... T + Kin) : K = (K1, ..., Km) € K(X)}. Clearly,

€m

We,, () C Wi (T). We denote by W, (T*) = [We,,(T)]" the complex conjugate of W, (T).
Cyprian, Masibayi and Okelo, together studied the convexity of the joint essential numerical ranges
in [13]. Later, Cyprian [14] generalised this notion to the study of the joint essential numerical range
We,, (f) of Aluthge transform and proved various interesting results. In this section, we examine
some of the properties of the set We,, (T) and show that o, (T) C We,, (T). We begin with the

following theorem.
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Theorem 3.1. Suppose X is an infinite-dimensional complex Hilbert space and
T = (T1,....Tm) € B(X). Let A = (A1,...,Am) € C™ and k = 1,....,m. Let P be an infinite-
dimensional projection such that

em

(T) = {Wn(T+K): K = (Ki,.... Km) € K(X)}.
See [15] for the proof.

Lemma 3.2. Let T = (T1,...Tn) € B(X) be m-tuples arbitrary operator such that
T = (U1|T), ..., Un|T|) with joint partial isometry Ui, ...,Up. Then (T + K, —f7 v T+ Ko, —f) €
K(X) for all K = Kq, ..., Kin, € K(X).

We omit the proof since it runs as [7, Lemma 1] which was done for a single operator T' € B(X).
We only highlight the following which are key to the proof. If Ui|T|,...,Un|T| is the joint polar
decomposition of T with Ui, ...,Un a joint partial isometry, we write T = (U1|T|,..., Un|T]).
Similarly, Vi|T + Ki|, ..., Vim|T + K| is the joint polar decomposition of T'+ K1, ...,T + K,, with
Vi, ..., Vi, ajoint partial isometry. In this case we write T+ K1, ...,T+ K,, = (Vi|T+ K|, ..., Vi | T+
Knl). It is easy to see that K1, ..., K;m = (Vi|T + K1, ..., V[T + Kin|) = T or K1, ..., Ky = (VA|T +
K|y oo, Vin|T + K |) = (UL|T), ..., Unm|T|) € K(X). Note also that T = (|T|2T1|T)|z2...|T|2 Uy |T|2)

—~

and T+ K1, ... T+ K = (|T + K1 |2VA|T + K| 2. |T + K| 2Vin|T + K| 2).

Therefore, (T + K1—T, ., T+ K —T) = (|T+K1|2VA|T+ K1 |2 —|T|2UL|T|2 .| T+ Kpn| 2 Vin| T+
Km|% — \T|%Um|T\%) We leave the rest of the proof to the reader.

Theorem 3.3. Let X be an infinite-dimensional complexr Hilbert space and T = (Tl,...,fm) €
B(X).

Then o, (T) C W, (T).

Proof. Let A= (A1, ..., Am) € 0, (T). It should be shown that A = (A1, ..., Am) € We,, (T).

To do this, since o, (T) = ol (T) U ol (T), it is enough to show that both ¢} (T) and o7 (T)

are contained in We,, (T'). Now suppose A = (A1, ..., Am) € ol (T). Then there is a sequence {z, }
of unit vectors in X such that

H(ﬁ —MDzm...(Tm — )\mI)mmH — 0 as z,, — 0 weakly.
Now [{(T1 — MD)@m, m Yoo (Te — A D) T, T )| < ||(Ti = XiD)zm || — 0
Therefore, (<T1mm,xm>...<fm:cm,:cm>) =X Vi=(1,....m). Thus A = (A1, ..., Am) € Wem(f).

Likewise, let A = (A1, ...; Am) € o, (T) then \* = (X}, ..., A%,) € ol (T)*.

This gives A = (A1, ..., Am) € We,, (T)* = [We,, (T)]* (the complex conjugate of We,, (T)) implying

that A = (A1, ..., Am) € We,, (T') which completes the proof. O

Theorem 3.4. Let T = (|T|2U\|T|2..|T|2 U |T|?) such that T = (U|T), ..., Un|T|) with joint

partial isometry Ui, ..., Um. Then W, (T) C W, (T).

Proof. Since We,, (T) = N {Wm(T1 + K1, ....; T + Km) : K = (K1, ..., Km) € K(X)}, we have

We, () =We,, (Th + K1, ..., Ty + Kpn) for all K = (K1, ..., Kpn) € K(X).

From Theorem 1.1, it is immediate that Wy, (T') C Wy, (T') for any operator T' = (T1, ..., ) € B(X).
Using this together with Lemma 3.2 we get,
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—

W, (Th + K1y oy T + K )

en(T) =W,

€m

CWin(Tr + K1y ooy Ton + Ko

CWi(Th + K1y ..., Tin + Kin).

This implies that We, (T) € (\{Wn(T1 + K1, T + Km) : K = (K1,.., Kn) € K(X)}
We,, (T) which completes the proof.

[l

4 Conclusions

Section 1 was a survey of what is known about the notions of numerical range, essential numerical
range and essential spectrum of 7" and its associated T'. In section 2, we gave certain properties of the
joint essential spectrum of Aluthge transform. Further, we showed that oe,, (1) = oe,, (T"). Section 3
delved into the notion of the joint essential numerical range of Aluthge transform associated with m-
tuples of operator T' = (71, ..., Trm) € B(X) and among other results, showed that o, (T') C We,, (T)

and We,, (T) C We,, (T).

Acknowledgement

The author is thankful to the reviewers for their careful reading of the manuscript and for their
valuable comments.

Competing Interests

Author has declared that no competing interests exist

References

[1] Otto Toeplitz. Das algebraische Analogon zu einem Satze von Fejér. Mathematische Zeitschrift.
1918;2(1-2):187-197. doi:https://doi.org/10.1007/BF01212904.

[2] Nicholaas Pieter Dekker. Joint numerical range and joint spectrum of Hilbert space operators.
Vrije Universiteit te Amsterdam; 1969.

[3] Stampfli JG, Williams JP. Growth conditions and the numerical range in a
Banach algebra. Tohoku Mathematical Journal, Second Series. 1968;20(4):417-424.
doi:https://doi.org/10.2748 /tmj/1178243070.

[4] Fillmore PA, Stampfli JG, James P Williams. On the essential numerical range, the essential
spectrum, and a problem of Halmos. Acta Sci. Math.(Szeged). 1972;33(197):179-192.

[5] Domingo A Herrero, Constantin Apostol. Approximation of Hilbert space operators. Pitman
Advanced Publishing Program. 1984;2.

[6] Pei Yuan Wu. Numerical range of Aluthge transform of operator. Linear Algebra and Its
Applications. 2002;357(1-3):295-298.
DOI: https://doi.org/10.1016 /S0024-3795(02)00361-0.

[7] Guoxing Ji, Ni Liu, Ze Li. Essential numerical range and maximal numerical range of the
Aluthge transform. Linear and Multilinear Algebra. 2007;55(4):315-322.
DOTI:https://doi.org/10.1080,/03081080500380397.

[8] Bong Jung Il, Eungil Ko, Carl Pearcy. Aluthge transforms of operators. Integral Equations
and Operator Theory. 2000;37(4):437-448.

DOTL: https://doi.org/10.1007/BF01192831.



Cyprian; JAMCS, 36(8): 1-9, 2021; Article no.JAMCS.57208

9]
[10]
[11]
12]
13]

[14]

[15]

Artatrana Dash. Joint essential spectra. Pacific Journal of Mathematics. 1976;64(1):119-128.
DOT:https://doi.org/10.2140 /pjm.1976.64.119.

Paul Richard Halmos. A Hilbert space problem book. Springer Science & Business Media.
2012:19.

Bonsall, Frank F, John Duncan. Complete normed algebras. Springer Science & Business
Media. 2012;80.

Daoxing Xia, Spectral theory of hyponormal operators. Springer. 1983;10.
DOL:https://doi.org/10.1007/978-3-0348-5435-1.

Cyprian OS, Andrew Masibayi, Okelo NB. On the convexity of the joint essential numerical
ranges; 2015.

Cyprian OS. A note on the joint essential numerical range of Aluthge transform. International
Journal of Pure and Applied Mathematics. 2018;118(3):573-579. Academic Publications, Ltd.
DOI: https://doi.org/10.1007 /s13760-018-0937-5.

Cyprian OS. Certain properties involving the joint essential numerical ranges. Asian Research
Journal of Mathematics. 2020;1-7.
DOIL: https://doi.org/10.9734 /arjom/2020/v16i330176.

© 2021 Cyprian; This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribu-
tion, and reproduction in any medium, provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your browser
address bar)

http://www.sdiarticle4.com/review-history/57208



http://creativecommons.org/licenses/by/2.0

	Introduction
	Joint Essential Spectrum of Aluthge Transform
	Joint Essential Numerical Range of Aluthge Transform
	Conclusions

