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ABSTRACT

This dissertation includes a detailed of the Riemann zeta functions; with a particular focus its
analytic continuation, functional equation and application. We will start with the historical
background. Following this we cover certain important preliminaries which are needed to use the
functional equation. We then define the Riemann zeta function and prove the functional equation. In
addition to this that, we show the Riemann zeta function has generalization in form of the Dirichlet L-
function. Then, the zeroes of the Riemann zeta function will be studied. Finally, we establish the

zero free region of Riemann zeta function.

Keywords: Mathematics; Riemann hypothesis; functional equation.

1. INTRODUCTION

Number theory is among the many branches of
mathematics. In order to make progress in
number theory, numerous mathematicians must
sometimes use techniques from several areas of
mathematics, such as complex analysis. The
connection between number theory and complex
analysis is referred to as Analytic Number
Theory. In 1737, the Swiss mathematician
Leonhard Euler put forth the zeta function.

Following this, in 1859, the German
mathematician Bernhard Riemann introduced the
Riemann zeta function. He published an eight
page-paper 'On the Number of Prime Number
Less than a Given Magnitude’. He presented that
this is the link between the zeta function and
distribution of prime numbers and he showed the
zeta function to be a homomaorphic function in a
complex plane. However, he did not prove that

some the zeros of £lie on the line Re( s ) =%|,
this is called the Riemann hypothesis. This
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function is useful function in mathematics and is
particularly it is important in number theory. The
aim of this dissertation is to focus on studying of
the Riemann zeta function, its analytic
continuation, functional equation and
applications.  This dissertation is divided in to
seven sections, In the first section, a brief
historical background of the Riemann zeta
function will be provided to illustrate the history of
function. In the second section, the theory of
analytic continuation will be proved. Following
this, third section, provides some useful
preliminaries for analytic which will help to us
prove function equation of the Riemann zeta
function and Dirichlet L function; indeed, these
preliminaries are vital when it comes to reaching
our aim. In the fourth section, the definition of the
Riemann zeta function will be presented in two
ways, namely the Dirichlet series and the Euler
product [1]. In addition, the analytic continuation
of the Riemann zeta function will be proved. In
the fifth section, the Riemann zeta function has

been generalised and one of these
generalizations namely the Dirichlet L -function
will be presented, alongside its analytic

continuation. Moreover, the functional equation
of the Dirichlet L —function will be set out. In the
sixth section, the zero of the Riemann zeta
functions will be studied. Finally, in the seventh
section, the applications of the Riemann zeta
function will be provided.

2. HISTORICAL BACKGROUNDS

The series Z;‘f;l% =1 +%+§+i+ is the
harmonic series. This is one of the most familiar
example of an infinite series. The number theory
is fundamentally about the positive integers n=1,
2, 3. This series is very interesting in the context
of number theory. Unfortunately, it diverges, but
only: the sum of the first n terms is about Inn and
as n - oo the sumtends to +o0o. When we

. 1 . 1
replace its general term - with the smaller —

where s > 1, this makes Z%converge without

loss, which is an important property of number
theory. Clearly, this gives rise to £(s) defined by
£(s) = Zz;l% =1+ % + % + i + .-+ this series is
named after Riemann, who published the
fundamental paper on the £(s) properties in
1859. Euler was the first mathematician to
introduce the £(s) approximately120 years earlier
he stated that the Riemann zeta function can be
expanded as product £(s) = 1_[ (%p_s) where

p
this is a very important and powerful

p all primes
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result because it means that method analysis
can beapplied to study the prime number. Euler
defined £(s) as a function of the real variables,
whereas Riemann improved the zeta function
depending on whether it was allowed to be
complex number. Riemann’s tried to extend the
definition £(s) by Euler from R to C. Moreover, he
studied the analytic continuation of £(s) and
obtained the functional equation. When he
studied the zeta function then he found the £(s)
to be complex function, he also laid out the key
to more thoroughly investigating the distribution
of the primes lies. Before proving the Riemann
conjecture or the result about prime, he proved
the two main results.(a) The Riemann zeta
function can achieve analytic continuity over the
whole s-plan with a simple poles at s equal to 1
with residue 1, such that £(s)—(s— D! is
integral(entire) function.(b) The Riemann zeta
function satisfies the functional

-s -1 _
equation  wzl G) £(s) =29 (%) £(1—
s)we can say that the function on the left side is
even a function of (s —%). It can beconcluded that

this functional has properties of £(s) for o less
than zero to be deducedfrom properties for
o greater than 1. In particular, the Riemann zeta
function had zero for 0 <0 at the poles of

r(3s) ats=-2,-4,-6.. . These
called the trivial zero, the reminder of the plane

where 0 <o <1 there are non trivial zeros is
called the critical strip.

zeroes

Moreover, Riemann made some remarkable
conjectures (1) In the critical strip the £(s) has
several zeros with respect to a =(2) the integral

(entire) function £(s) defined as £(s) =§s(s—
-1

Drz°r Gs) £(s) the £(s) has not pole for a

greater than or equal %and the integral function

is an evenfunction of ( s — 1). In addition, it has

product representation £(s) = e*F [[ (1 -

spesp where p runs over the zeros of the
Riemann zeta function in the critical strip and A
and B are constants. In 1893 Hadamard proved
it. Note that we take the information from Jones
[2] (p. 9. 163) and Davenport [3] (p. g.59).

3. PRELIMINARIES
NUMBER

OF COMPLEX

In this section we present the important part of
complex analysis that will be help to know the
basic of analytic number theory.
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3.1 Convergence Definition [4]

.....

w in complex number if lim,_ .|z, — w| =0 and
we write w = lim,,_, Z,.

Definition [5]

Let S is non empty set in C. (F,) be sequence
converges point wise F on S, for everys in S and
E,(s) tend to F(s). The ( F,) is uniformly
convergentto Fon Sif Ve > 0 there exist N =N
(€)suchthatvn > N

[F(s) — E,(s)| < e&Va€esS

The uniformly in this definition that means a
number N not depending on s.

3.2 Identity Theorem

Let f and h be two analytic functions in region R.
Assume that there is {s,} sequence of the
different point of R converging to a point s, €
R such that the function f(s,) and h(s,) have the
same values for all= 1,2,3.... Then f = h on all
of R.

These were taken from ([6] theorem 1).
3.3 Analytic Function

We can express that is ANALYTIC at the point z
if it is a complex differentiable on open set x
which contain the point z. Clearly, f is analytic
on D if f is a complex differentiable on a domain
D in C. The information in this section was taken
from Stein [4] and Mutry [7] and Neubrander [8].

Definition

Let f be a complex function define on an open D
inC, f: D -C we can say if there is some
number f'(a) then f is complex differentiable at
a if:

- f@—-f(@ _
m———=

li
z-a Z—a

f'(@)
Definition

If fis a complex differentiable in a € D c C
then:

d
() = d—];(a) = lim

f(@) - f(a)

zZ—a

f'@=f
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Definition

LetS < C be an open subset and f is a function
from S tend to C is called complex differentiable
or homomorphic on S if:

lim LE+EM — @)
1mT

n-0
Exist and is finite Vz € S.

If vz € S, fis analytic on S if the f equals its own
Taylor series in the neighborhood of z

2 ()
Fz+h) = zf m(z) hn

n=0

for small h

Proposition
If f and g are analytic (homomorphic) in Q then:
1) f + ganalyticinQand (f + g)'=f'+ ¢’

2) fg analyticin Qand (fg)' = f'g + fg

3) If g(zy)does not equal 0 then f
/g is holomorhic at zy and (f/g)’

_flg—fg
==

3.4 Analytic Continuation

If the function f is analytic in a region D we can
say that the function f will be continued
analytically. If f; is analytic on a domain D, and
f, is analytic on a domain D, , where the
intersection of the domain does not equal ¢ and
fi (s) = f, (s) for all s € D, ND, then we can state
that f, is the direct analytic continuation of f; to
the domain D, such that f, must be unique for if
g is analytic on D, and if g(s) = f;(s) for all s
in D, ND, then f,(s) = g(s) V s is open set
D, ND, and f,(s) =g(s) Vs € D,.

let fi(x) = YnLos™ for(ls| < 1)

o for (se\{(1)

Example 3.7.
and fr(x) =

then f, is direct analytic of
interior of unit disc and f, is on the whole of

1)

Example 3.8. Let f()=14+x+ x, +
x3 +..... the series is converges for |[x|] < 1. 1In

fact f(x) = for such 2z then F(x) =

fi and f; is the
(C

1
(1-x)
vz=#=1 and is in fact differentiable and

1
(1-x)



analytic v such z and F(x) = f(x) V]z| <
1 then we can express that F is an analytic
continuation of f.

Note that all information are taken from Stein [4]
and [9].

4. Preliminaries on complex function

We mentioned before, Euler defined the
Riemann zeta function for the real variables.
However, Riemann extend this function to C and
he studied the analytic continuation of the
Riemann zeta function. The functional equation
are very significant in analytic continuation. We
need to Know some preliminaries on complex
function will help to prove the functional equation.
This section divides to sex parts we will start to
the gamma function and summation formula.
Then we present the theta function and entire
function. Finally, we provided the Dirichlet series
and Euler product.

4.1 The Gamma Function

During the period spanning (1707-1783)
Leonhard Euler first introduced the Gamma
function I'(s). Following this, it was studied by
other famous mathematicians such as Carl
Gauss, Adrien-Marine Legendre. The gamma
function is significant function for analytic number
theory.

and from the definition the Euler Gamma function ,

I'(s)
= slimy, ., m [, (1 + %)

=S limm_,oo Zl=_11 (1 + %)_S Hﬁ:l (1 + i)

= slimy, ., [Ty (1+ %)_s (1+3)(a+ %)S

Letting m — oo.

Then we have

stz (1437 (14
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It appears is several area as deferential
integration, such as the zeta function and
number theory. In this section we shall require
some basic properties of the gamma function
I(s). Note that these properties are taken from
[10] Sebah, [4] Stein, [3] Davenport and [11]
Forster.

Definition 4.1. For s be positive integer, the
gamma function is defined by I'(s) =
foooe‘tts‘1 dt the integral converges for s > 0
the function defined for « > 0 can be continued
beyond the line a = 0.

Proposition 4.2.

The T(s) extend to an analytic function in the
half-plane Re(s) greater than 0.

Definition 4.3. Where C is Euler’s constant then
the Euler gamma function is defined by

R o 1 e n
r(s) = se SHn=1(1+n)e "

Theorem 4.4.
Gamma function is

foralls

The Euler's formula of the

1 oo 1\° s\ 71
M =T (1+5) (1+3)
Proof. From the definition infinite product

M +u) = T+u) (T4+uy) . (T4 uy) ..

we obtain

1 1 N

1 . 1=t +——1 . s\ -=

—— = slimy e €52 w09 i T2, (1 + —) e n
m—oo n

Theorem 4.5. The function I'(s)satisfies the functional equation

I'(s + 1) = sI'(s)

Proof. From the Euler’s formula we have
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1 1\St1, 54171
IGs+1) _ 5y m () ()
res) % limy, o TTn= (1+%)S(1+n) !

(n+1)5+1(n+s+1)
n

COICON

S .
= :llmn—)oo H;lnz;[
then we have

= %limn_)oo [Th=1 (ﬂ) ( o )

N n n+s+1

passing to the limitas s — 0 thus
S . m+1 s+1
= i () (55) =5

Theorem 4.6. The addition formula of the gamma function is

rsria —s) =

sin s

for any number s is not an integer.

Corollary 4.7. The duplication formula of the gamma function is
1\ _ 52n-1 1
ren)r (E) = 2201 ()r (n +E)
for nis natural number.
Corollary 4.8. '(n + 1) = n!
for every non negative integer n.

Legendre obtained in 1809 the duplication formula.

Theorem 4.9. The Legendre duplication formula is
1
reor (x+3) = 22 reo

Corollary 4.10. [*"e™* du = V&

1.2...(n-1)n?
s(s+1)...(s+n-1)

Corollary 4.11. T(s) =lim,_

Corollary 4.12. The sine product is

sin(rz) = nz[[y-, (1 — é)

n2

for all z is complex number.
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4.2 Summation Formula
4.2.1 The Euler-Maclaurin formula
Definition 4.13. [12] (p.g. 66)
The sum of f(n) can written as the stieltjes integral
Sacnsn f(0) = [} f() d[x],
if a, b € Z and f is continuous in [a, b] where [x] is integral part of x,
[x] =max {l € Z:1 < x}
putting ¥(x) = x —[x] — % now we can derive the Euler-Maclaurin formula by the partial integration.

Lemma 4.14. [12] Let a,b € Z with a smaller than b ,we have

Sacnsy f() = [ (F@) + Y(OF (1)) dx +35 (£ (b) = f(@))

Theorem 4.15.

Let f(x)has twice continuously dif ferentiable function on [a, b] and define p(x) and o(x) by
p¥)=2— {3 and o(x) =[] p(u)du

There for
Sacnso f() = [ f()dx + p(b)f (b) — p(@)f (a) — [ o (x) f'(x)dx

where f(x) be continuous differentiable on [a, b].

4.2.2 The poisson summation formula

Theorem 4.17. [13]

Suppose f, fare Fourier transform, the poisson summation formula is
Yner f () = Tnez f(0)
with Fourier transform of
f=F@®)=f fae?mx
4.2.3 The partial summation
Lemma 4.18. [14] let f(x)a continuation differentiable function on the interval [a,b]and let

C(x) = YacnexCn Where c, be arbitrary complex numbers.then we have

D efm == ce £ Godx+ | ) )

a<nsb
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4.3 Theta Function
Note all the information are taken from [6] Hassen, [15] Segarra, [16] Steiger and [17] Pitman.
Definition 4.19. Jacobi’s theta function 0(t) is defined by
O(t):= Y2, exp (—n?mt) (t>0)
Proposition 4.20. O(t) can be written
O(t) =1+2Y% _exp(—mn?t)
where 0 is the Jacobi theta function.

Proposition 4.21. Ift > 0then
o(t) = — 9(1)
=7°0

Proof. we start from definition (4.19)

[oe]

o(t) := Z exp (—n®mnt)

n=oo

there is very important sum formula is called passion formula (4.17)

Ynez f() = Tnez [ f()e 2V dy

then we have

2 +0o0 2 .
—-Tn“x — —ny“x ,—2mik
ZnEZ e - ZnEZ f_oo e ™ %e J/dy

_ t®  _my2x—2mik
- ZnEZ f_oo e ydy

+00 —nx(y2+2iky+i2%—i2%)
= Ynez f_oo e * x2 " xPdy

From (yz + ZiSy + i? I;—z)z(y + ig)z then we have

J\2 k2
o _nx((yﬂ_) - _2)
=ZnEZf_oo e * * dy
2 +o0 —mk?: x| +i5]2
:ZnEZe_nnx=Zn€Zf_oo e " xen YT dy
—mk2L +oo nx[y+ik]2
e xl dy

-mn?x _
= ZnEZ e = ZneZ e *)_

the change of variable

ko _ oo +oo+i}
ytiz=z dy = dz T o A
—oo+i—
b
Then we obtain
—mn?x —mk22 +°°+i§ —mxz2
= Yneze =Yneze x kK € dz

—cotis
x
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It can be shown that

f+°o+i§e—nxzz dz = J‘_R

—ﬂ.’sz
ot RE dz
X
we will divide this integral to three parts

—R+i%
X

.k
R _mxz? —mxz? R+ mxz? R —nxz?
= +
S re dz= [ ~e dz f—uzm‘ﬁ e dz + fmmg e dz
X

2

—mk2i
ZneZe_”n x ZZnEZe e xf_'::oe—nxzzdz

From Gauss integral

1
—mk?= [T
e x /—
ZnEZ x

Then

Yneze ™ = Yoe e_nkZ%\E
from

O(x) = Tnez e ™ >
then we have

00 =30 (;)

Proposition 4.22. Ast - 0 from Proposition (2.15) then for some ¢ > 0 let

=C

|9(t) - % <et
Proposition 4.23.

o (é) = x%@ (ix)
4.4 Entire Functions

An entire function (integral function) is an analytic in the whole complex plane.
4.4.1 Entire functions of the finite order

Note we take the information in this section from [3] Davenport, [4] Stein and [18] Rubin. let f(z) be an
entire function is said f(z) to be finite order if there exists a greater than 0 such that

f(z) =0(e") as |z| » o (4.1)
we must a > 0 with the property (4.1) is called the order of f(z).

Lemma 4.24. Let f(z)be an entire function of finite order and f(z)have no zeros; this is necessarily to
form e g(z)where g(z)is polynomial andits order is the degree of polynomial g(z)and so is an integer.
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Lemma4.25. Let f be an entire function. If there exist a positive number a and a constant

B > 0and0 < R1 < R2 < R3....with

lim R, = o such that |f(z)| < Bel#l®

m—oo
when ever |z| € {Ry, R, ....}then there is f(z) = 9@ if g(z)is polynomial.
Hence f(z) is of finite order and this order is equal of degree g(z).
4.4.2 Infinite product
Definition 4.26. Let sequence {u,} of complex numbers B, = (1 +u)(1+uy) ...... 1+u, =
[Tr=:(1 +u,) and p =lim,_, p, exists. Then we can write the product p = [[7-,(1 + u;) the p, are
partial product of infinite product. then we express the product [[;-,(1 + u;) converges if {u, } is

converges if there exist the lim,,_, o, py,.

Proposition 4.27. Let Y, a, < o then [[;-;(1+ a,) this product is converges to zero if and only if
one of its factors is zero.

Proposition 4.28. Assume the sequence {F,} is analytic functions on the open set Q.
If there exist constant c,, greater than zero such that

Yc, <o and |F,(z)—1| <c, VzeEQ
then:

() TIy=1 FE.(z) this product converges uniformly in Q to F(z) analytic function.

(i) let 1;((22))= ;‘{’zling if F,(z) dose not vanish for any n.
n

Lemma4.29. Ifu,,...uy € C andif

Pn = Hyz=1(1 + uy) Py = 5:1(1 + [unl)
then pj < e(l+-+lunh  gng lpy =1l <py—1

4.5 Dirichlet Series

Definition 4.30. [11]

an

A Dirichlet series is a series of the form f(s) = Z?{’=1; such that s € C and (a,),s; IS a sequence of
complex numbers.

Remark 4.31. [19] and [2]

The Dirichlet series F(x) = ;'{’zlfix) wheres = a+it, a >a and fis an arithmetic function then

S
the Dirichlet series Y%, fr(l’:)

function of s for a > «a..

is convergent in a half-plane a > a, thus the series is an analytic

Theorem 4.32. [19]

For any Y. f(x)n™° with a, finite we have 0 < a, —a, <1
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Theorem 4.33. [11]

suppose f(s) = Y, 1(1’5‘) be a Dirichlet series for some s, is complex number, it has bounded partial
sums then the Y fif) converges with R(s) > a, := R(sy) for all s is complex number and the

assume that the converge uniformly on every compact subset of

kcH(ay) ={s€C:Re(s)>ay}
Hence f is analytic function in H(a,)
Theorem 4.34. [2] (p.g. 180)
Assume that F(s) = X« n=1 f(n) ns G(s) = X« n=1 g(n) ns H(s) = X~ n=1 h(n) ns if h = f * g then H(s)

= F(s)G(s) such that F(s) and G(s)is absolutely converge for all s Proof. we can multiplay F(s) and
G(s) because F(s) and G(s) both converge absolutely

F(s) G(s) = Ziy L2 w42
— o fK)gm)
- Zk=1 ZTL=1 (kn)s

We replace m = kn then we have

o fk)g(n)
= Zm IZm kn™ s
*g)(m)
- Zm 1

mS

h(m)

mS

= Z:ﬁ;:l
= H(s)

4.6 Euler Product

Definition 4.35. [19]

we called f is multiplicative if an arithmetic function f is not identically zero and f(mn) = f(m)f(n)
when (m,n) = 1 and f multiplicative function is called completely multiplicative if f(mn) =
f(m)f(n) for all positive integer m and n.

* The next theorem was discovered in 1737 by Euler.

Theorem 4.36. [2] (p. g. 183)

a) Let X0_.f(m) =[[,(1 + f(p) + f(p?) + ) if f is multiplicative arithmetic function such that
Yo, f(n) is absolutely convergent.

b) Letfis completely multiplicative Y.;°_; f(n) is convergent and then
Y= f() =11, (1 o ) this product is called the Euler product of the series.

5. THE RIEMANN ZETA FUNCTION

The important definition in this dissertation is the definition of the Riemann zeta function. The
Riemann zeta function {(x) can be defined in two ways: as a Dirichlet series or as a Euler product.
Note that this information was taken from [4] Karatsuba, [20] Batemann, [5] Everest and [21]
Karatsuba. We will now introduce the first definition.
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Definition 5.1. For Re(s) > 1 the Riemann zeta function {(s) is defined by Dirichlet series:

() = Z,‘f:l% =%+ % + - The series converges Re(s) > 1 and it is analytic function in the half

plane Re(s) > 1.
There is an analogue of the Euler product for {(s).

Lemma5.2. For Re(s) > 1 the Riemann zeta function defined by the Euler product
(=M, (1-2) "
p pS
Proof. Let Re(s) greaterthan 1 and X > 2 be an integer. we can use the series 1+ — + -+

which is absolute converges and from the unique decomposition of a positive integer into prime
factors we obtain

1\ 1 1
Hpsx(l _;) = Hpsx (1 + E+ﬁ+ )
1
=Zpsx;+R(5;X)

where

|R(S X)l < Zn>X Zn>X _Xl ’
where ¢ = Re(s) > 1 passing to the limitX — 4o

hence,
() =i =, (1-%)"
n=1,s 14 pS
Corollary 5.3. For Re(s) = o > 1 then, {(s) # 0

Proof. This follows from Euler’s product formula

I((s)l |HP( ) <HP( 6)
< Zn:lﬁs 1 +f1 qu

=1+ 1 u—0+1|oo
1-0 1

then, we have

where ¢ > 1 then,
()] >-=>0
5.1 The Zeta Function is Analytic

The next theorems of convergent uniformly is that it preserves the complex function is analyticity.
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Theorem 5.4. [4] (p.g.-169)

The series of the function {(s) converges for Re(s) > 1 and the Riemann zeta function is analytic
(homomorphic) in this half plane.

Proof. If s = ¢ + it where ¢ and t are real then

g

|n—s| — |e—slogn| — |e—alogneitlogn| — e—alogn =n"

As a consequence.

1
nl+é

The series of the function zeta(s) is uniformly boundedifa > 1 + § > 1 by )
then,

1 .
Y 55 Is converges.

Therefore, the series of Riemann zeta function Z% converges uniformly on every half-plane Re(s) >
1+6>1

Then,
{(s) is analytic (homomorphic) function in Re(s) > 1.
Theorem 5.5. [3]

The function {(s) is homomorphic ( analytic ) every where except a simple pole at s = 1 with residue
1.

Theorem 5.6. [5] (p.g-173)

assumes that S < C is open and we have F is function from s goes to complex number and
sequence of functions F from S tend to C converge to F uniformly on S if the sequence of functions
Fy is analytic then F is analytic.

5.2 Continuation of {(x)

Analytic continuation is a very important idea from complex analysis. We shall extend {(s) to the half-
plane Re(s) > 0. Given that the function g is a convergent power series on D is the disk of positive
radius, and the analytic function is defined as any domain containing D work with g on D is called
continuation of g.

Corollary 5.7. [4] (2.6)

for Re(s) > 0 we have
{(s) = = 21 8a(s)
where in the half-plane Re(s) > 0 the series Yo, 6,(s) is homomorphic (analytic).

We will now present the useful proposition before prove the corollary.
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Proposition 5.8. [4] (proposition 2.5)
The sequence of entire function {6n(s)},-, that satisfy the estimate
18, ()] < Is| /no**

where s = ¢ + it, such that

1 N dx
215n<1v; - fl = Y1<n<n On(S)

whenever N is an integer greater than 1 to prove the proposition, we compare

- , n+1  _
Yasnen N With Xicnen fn X7 dx

And set

1 1

0a() = [ 35 = 5] dx

ns xS

from the mean-value theorem we apply to f(x) = x~° we get

:s - % < nlﬂ'l whenever x € [n,n+ 1]
then
Is
|6n(5)| S not+t
Then,

N dx

n+1dx
13 21sn<n fn =

we will now prove the corollary, we assume that Re(s) > 1. From the proposition we let N tend to
infinity and we see by the estimate |5,(s)| < |s|/n°*t.

we have Y. 6, (s) is uniform converges in any half plane Re(s) > 0.
since the Z% converges to {(s) if Re(s) > 1.

then, ; 8,,(s) is analytic when Re(s) > 0.

then {(s) is analytic continuation.

Lemma 5.9. [14] (lemma 2)

For Re(s) greater than 0 and N > 1 we have

Nl—S
s—1

—%N'S+sf°°p(u) du

Z(S) = g:l% + N ys+1
Where p(u) = % —{u}

Proof. let0 < N < M be integer numbers. Then we have
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1

{(s) =Xn= 1 5= N i"‘Zf:NH;

1
- Zn 1 5 + llmM—)ooZ

N+ <n<M+ ns

we will apply the the Euler-Maclaurin sum formula (remark 4.16) for second sum in (5.1)

where p(u) = %— {u} and {u} =u—[u] thus p(u) = %— u — [u]

we obtain

M+

oo 1 _ 1 2 p(u)
ZN+—<n<M+ ns f us = du +Sf = 5+1d

wherep(M+§)=§—(M+§)+[M+§]=§—M—§+M=0
also, p(N + %) = % -(N+ %) +[N + %] = 0 Now, we solve this integral
1
Mg LIRS L N0 7 TR S U VA b
fN+ uSd [1—su ]N+% _1—s(M+2) 1—s(N+2)
then we solve the second integral
M+ p(w) N p(u) M+ p(w)
SfN+2us+1d s+1d +Sf s+1du
Then
1
M+2 p(w) N S—u+[u]
Iy, e U= 8yt du
1
N StN-u
=s N+_2us+1 du
N u
=5y, du fN+l7du
= ( ) du+st+Zidu
1 1-5 N+
= s+ )[ sl
__ (! - o) (e N) T oyt
- (2+N)N +( )(2+N) +1—s(2+N) 1—sN
=N =N (S +1v)1_s+i(1+1v)1_s S N1-S
2 2 1-s \2 1-s
where =224 1 14 2
- 1-s -s 1-s 1-s
then
s (3) (1) (V) ()
T2 2 1—s 2 1-—s
v v (Gan) o (v d) e (we ) e
T2 1—s 2 2 1—s 2
= Iy Lty L (N+—)1_s
2 1-s 1-s
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from equations (5.2) , (5.3), (5.4), (5.5) we get

1-s 1-s 1 1-5s
o 1 _ 1 1 1 1 M+5 p(u) 1, g 1 ,1-s, 1 ( 1)
—_ = - _— - R —— _— +— -
ZN+%<nSM+% ns  1-s (M + 2) 1-s (N + 2) ts fN us+1 du 2 N 1-s N 1-s N+ 2
1-s 1
— _ly-s_ L yNi-s L( l) M+ pW)
=—-N N+ (M +5 +sf, S du
thus
1
1 _ . M+1 1 1. 1 1— M+= p(u)

Z;?:N+1F = limy 0 Zn=N+1F = _EN § - ;N ‘+s fN 2 U+ du

thus, from (5.1) we obtain

1
_wnN 1 1, ¢ 1 ,r1-s M+3 p(u)
((S)— n=1;_5N _s—lN +Sf1v 2u5+1

du

the last integral is analytic function in the half plane Re(s) greater than 0. This lemma now follows by
analytic continuation.

Theorem 5.10. [11]

The {(s) has analytic continuation to {s € C|Re(s) > 0} with a simple pole at s equal 1 with residue

5.3 Functional Equation of the {(s)

Functional equation of the Riemann zeta function is one of the main goals of this dissertation. We will
now present two proof of the functional equation by using some of the preliminaries.

Theorem 5.11. [3] (p.g.61) and [14]

The {(s) satisfies the functional equation
w3 e =7 T ()¢ -s)
Proof. Riemann started from the definition of gamma function
I(s) = f, tle~tdt (5.6)
we will replace s — % in (5.6)
r (2) =’ to e tdt
valid for @ > 0. We sub: t = nn2x and dt = nn2dx

r (2) = fow(ﬂnzx)g_le‘”"zxnnzdx

oo 5_1 25_1 5_1 _ 2
=[, m'n G Vxz e 2y

—mtn?x

w 2 _1,-2 2 -1 2
= [, mar~'n "’ nx2x e n?dx

o S 5—1 — 2
= [, mnx2 e T ¥ dx
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then we get
then we add summation
S n e (2) & = S 7 x e R
moo () i = Jy 0 B e dx 5.7)

0

we will use the definition Riemann zeta function {(s) = 2?{21%

77aT (g) i(s) = fooo xi1 Yo e ™ dx (5.8)
fora > 1, the inversion of order being justified by the convergence of

Yo fooo xz71 gt gy
from the definition of the gamma function.
writing

0(X) = Ypeze ™ F =1+ 2355, 6™ = 1+ 2y(x)
then

W) = g e (5.9)
we putting (5.9) in (5.8) then

fooo x1 Yo e ™ dx = fooo xg_llp(x)dx

Then from (5.8)

1

—\ G) {(s) = fooo x%_lljJ(x)dx = floo xz P (x)dx + fol xg_lllj(x)dx
plainly 6(x) = 1 + 2y(x)
we will use expression of the 6 theta function

0 =+=0(3) for x > 1

or

20(x) +1 = % [ZIIJ (i) + 1]

1

1|2 1 1
=060 = [w )+ -3
we will prove this equation is special case of these satisfied by the Jacobi theta function

1 1

b0 =50 () + 5w (5.11)
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we apply (5.11) in (5.10)
fol xg_lw(x)dx > fol xit [%l]} (i) + % - é] dx
> [laag (D) dx+ 1), 1(x§‘§ —xiYydx
= fol xg_;q; G) dx + —1xz 2 — ix:]
0

2
1 83 1
= fo xz le (;) s(s 1)

we shall replace x = % and dx = — % du and change the boundary the integral from

lo to |§

_f ()ZZL'J()[ s(s 1)

we will replace u by x

zfloo()zzw()[ ]+s(s 1)

then

Jy ¥ dx = [T () dx + — g (5.12)
we dividing the integral

fooo xg_llb(x)dx = floo x%_lljJ(x)dx + fol x%_ltlj(x)dx (5.13)
we putting (5.12) in (5.13)

fooo x2 W (x)dx = floo x2 ' (x)dx + folx_i_lllj(x)dx + (S 5

f Y )dx —f [ Tlyx: 2]¢(x)dx+ oy (5.14)

from (5.7) 72T (2) (s) = f x! P(x) dx

we apply (5.14) in (5.7)

HZF()((S)—f [xz +x22]1|1(x)d +

s(s 1)

S 1-5
Y = [TC PR
_fl [x2+x 2] x dx s(s-1)

this holds for @ > 1. this integral on the right-hand side is absolutely convergent for ¢ > 1 and when

we replace the right-hand side s by 1 — s is unchanged and this formula gives the analytic
continuation. Then we have

n_gl"(g){(s) =7 2 F( ){(1—5)
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Theorem 5.12. [19]
For all s we have

(@ = 5) = 22m) =T (s) cos () {(5)
equivalently,

() = 2@ - s) sin(Z) <1 - s)

Proof. We start of Legendre duplication for the gamma function this we can put the functional
equation is a simple form

2x275r(25) = IS (s+3)

S
we replace s by S

ro =2 rOr ()
= r()r ()

we will looking

i

rs)yr(1—-s)=

sin s
s+1 _
2

P () -

rEr (5) =

now we will use the Riemann functional equation

1
we replace s by ~+o

7T (2)¢) = T (£2)¢a-s

multiply I (2£) in both side

7T C)r (22) s = T () (2)ca-s) (5.15)

2 2 2

now we shall use Legendre duplication in the left side and Euler reflection formula in right side we
obtain

a7z T (2)¢e) = T (£2)¢a-s

%

Er)() = {1 -5)

T2
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then

{(1=5) = G cosTT(s) 4(6)

(2m)s
we replace 1 — s with s

2 (o5 Tl r1-s)¢(1-ys)

(2m)l-s 2

{(s) =

then we obtain
{(s) = 25571 sin?r(l —5)(1—s)

Corollary 5.13. [14] let

£) = 35— DT (24
is entire function and £(s) = &(1 - s).

6. GENERALIZATION OF THE RIEMANN
ZETA FUNCTION

There are diverse way in the Riemann Zeta
Function can be generalized. This section will
present the generalization of Riemann Zeta
Function to the Dirichlet L-Function. the Dirichlet
L-Function is function of complex variables,
similar to the Riemann Zeta Function. Now we
will define the function is useful for character.

Definition 6.1. [22]
Let g be positive integer, an arithmetical function

is called a Dirichlet character modulo m such
that:

x(n)=0ifand only if (n, q) =1
x(nq) = x(n)x(q) foralln,q €N
X(n+q)=x(n)forallneN

The special kind of character which is very
important is the primitive character.

Definition 6.2. [2]

let y is primitive if y(n) the function restricted by
the condition (n,q) = 1 and y(n) may have a

Lemma 6.5. [14] (p.g.110)

L0 =T,(1-22)"  forRe(s) > 1

Proof. For X > 1 we define the function
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period less than g other wise we say that y is
primitive.

The very important property is the character y;
Lemma 6.3. [3]
let y,the Dirichlet character such that

_(xi(m) if (nq) =1
x() = {0 if (n,q) >1

This character y, is primitive.
Definition 6.4. [11] (p. g.49)

Let k be the natural number and let y(n) be the
character modulo k. The function L(s, y) is called
the Dirichlet L- Function or the Dirichlet L-Series
and is defined by the Dirichlet series

o X
n=1 ns

L(s,y) = R(e) >1

Theis series converges for every s € C with
Re(s) > 1, the L(s, y) is analytic function in half-
plane Re(s) > 1.

The second way of defining the Dirichlet L-
Function is through the Euler product for L(s, y).

6.1)
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x@)\!
(s X) = Tpex (1-27) (62)

since Re(s) greater than 1 we have

-1 2
(1—%) =14 4® 207

e 75

we can using the multiplicatively of y(n) and into the prime factor and we using the unique
decomposition of a natural number in to the prime factors. we get

2
(5, X) = Myee {1 + 224 280 1.} = 3 20 4 (s, ) (63)

2s S

Furthermore, R(s, X) is summation over those natural number n > X whose prime divisors all < X.
Now for this summation we give a upper bounded

IR(s, )| < R(5,X) = Tn>x 75 < [ 5 = X0

X uo o-1
where ¢ = Re(s) greater than 1, passing to the limit in (6.3) as X goes to +oo this complete the proof.

From (6.2) we get

1
Lis.0 L
o
L(s,0) > —

o-1

|=|HP(1+%)|SZ,?_ln%<1+fl°°%=1+;,

for for Re(s) > 1 let L(s, x) does not equal 0 then if the character y modulo k , then the Dirichlet L-
Function differs from {(s) by only a simple factor.

Lemma 6.6. [14]

If x(n) = x0(n)is the principal character modulo k.Then,
L) =S Tpw (1-%)  Re(s) > 1

Lemma6.7. [14] (p.-g-112)

For Re(s) > 1, let y; be primitive character modulo g, and y be the imprimitive character modulo g;.
When y; is primitive character corresponding to y.

L(s, 20 = L, 22) = T\ qy (1 - 222)

Proof. By the Euler’s for L(s, y). we present
L(s, ) =TI, = x()p~)7"

and
L(s,x0) =I,(1 = x1(@)p~) 7"

for s € C with Re(s) > 1 and product of L(s,y) and L(s, y;) are convergent. noting that for each
prime let
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{){1 (p) = x(p) ifp is aprime not dividing q
x(p) = 0 ifpisaprime dividing q

hence,

L(s,x1) =l,(1 = xa(@p~)7*
= qu(l - Xl(p)p_s)_l
= [p1g =1 @)P ™) " HIpjg(1 — a(@)p™) 7"
from definition of L(s, x) by Euler’s product.
we obtain
L(s, x1) = L(s, ) = [1pjq(1 — xa(@)p™) 7!
6.1 Continuation of L(s, x)

We will introduce the important property of the Dirichlet L-Function in terms of analytic continuation to
Re(s) > 0. Note that the next theorems and remark are thaken from Steuding [23] ,Davenport [3]
and Forster [11] .

Theorem 6.8.

let y be a Dirichlet character modulo g and L(s, y) is Dirichlet L-function such that if y # y, where y is
the principle character modulo g the series Z% ns converge in ¢ > 0. The function L(s, y) is
analytic in half plane ¢ > 0.

Theorem 6.9. let y a character mod g with y # x, and let g be positive integer greater than or equal
2. Then, the Dirichlet L-Function has an analytic continues to C.

Theorem 6.10. let y is principle character and y = y,, then
L(s,20) = (Tpim155) $(5)

hence L(s, x,) is analytic continues with a single pole at s =1. Then L(s,x,) can be analytically
continue to the whole plane C.

Remark 6.11. We present in Lemma (6.7) the relation between the imprimitive character y and the

primitive character y;. By using the Euler's product, we can see that the lemma implies a simple
relation between the corresponding Dirichlet L-Functions. Then,

L(s, x1) = L(s, ) [Tpg(1 = 2 ()p~*) ™"

is analytic continuation for Re(s) > 0 .

Lemma 6.12. [14] (p.g. 112)

For Re(s) >0, whenx =y, , let S(x) = Y, x(n) . we have
L(s,x) = sfloo S(x)x " tdx

Proof . Let N = 1 and Re(s) > 1, Now applying lemma (partial summation) where C(x) =
Yicnex x() thisis C(x) =S(x) , ¢, = y(n). Let f(x) = ﬁ which is continuous and differentiable on
[1,N]. Then,
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Ticnsn XM=~ [ Cacran X)) o dx + C(N)
=5 [} S() o x + C(N)E
=S le((S(x) -1D+1) jﬂ dx + C(N) >
=Sf1N(5(x)— 1) s+1dx+sf dx+C(N)—
=5 le c(x) x51+1 dx + s [—;;]1 C(N) F
=5 J cG)x™ldx + =+ 1+ C(N) 13
slec(x)x‘S‘ldx +1+ (C(N) — 1)%

Thus

=yN_, W _ g4 lec(x)x‘S‘ldx + C(N)$

nS

Now when N — o we get

L(s,x) =¥ X:Z) —sflmS(x)x‘ldx

Since

S(x) =< o)

Therefore, the integral above converges in the half plane Re(s) > 0. then define there an analytic
function.

6.2 The Functional Equation of the Dirichlet L-Function

In 1882, Hawritz presented the first functional equation for the Dirichlet L-Function. Before introducing
the functional equation of L(s, X), we must to present the Gauss sums.

Gauss Sums

let y be Dirichlet character modulo g. To prove the functional equation for L(s, y) we need to express
n — y(n) as linear combination of imaginary exponentials n — e( . ) for m mod q.

Definition 6.13.
For any Dirichlet character modulo g , The Gaussian sum t () is defined by
— v4a m
T00 = Zhoyxm)e (%)
If (n,q) = 1then letthe inverse of nis n!

xMT () = x(n) Loy x(m) e(%)
= S i m) e (2)

Then we have

= Tho 2 e ()
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Lemma 6.14. The primitive Dirichlet character y modulo q. For every

n € Z/qZ we have
— hn
YnezquX(h) e (7) =0
Then we have
— — h
x(M)T () =2hezqui(h) e (Tn) =0
Lemma 6.15. let the primitive Dirichlet character y modulo g then

It (0l = g2

Theorem 6.16. let y be a primitive character modulo ¢ > 3 .

continuation to an entire function. Let

{a=0 if x(-1) =1
a=1 if x(-1) =-1

The Dirichet L-function satisfies the following the functional equation

1
i q2

00

§1 —s,0) = §(s, 0

when

1
g0 = (D)1 (26 + @) L

The function &(s, y) is entire.

Proof. suppose that y(—1) = 1. we start in the gamma function
F(s) = [, t571 etdt

we replace s to % in (6.4)

then we get

M) = 7t et

2 0

nn?x

substituting t = dt = qmn? dx

then we get

59
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< s s w S - nnx
gzt z2n~S = 2 q
F(z) qzm zn Jy x7 e dx

we multiply }; x(n) in both side

2

_Ss l 1 0 o oo l_ _m7x
W (2) B 2 = i, e T )

o 1 1 _n'nzx
=Te ) [y xE e T dx

nmnex

= [ (z;';;l;c(n) e‘T) dx

let first assume y(—1) = 1then we have y(—n) = nforalln € Z, y(0) = 0 we write last formula

w2 g (D)Les0 = 11y 6 Wlu0dx (65)
where,
Yo =52 x(m)e T x> 0)

A symmetry relation between 1 (x, y) and ¥ (x~1, x) can be deduced form Lemma (6.14)
X (D) = Tnejqni(h) e ()

and Theorem

T 1
© -m+a)? = _ - v —n?7 x+2mia
Zn:—oo e X = X2 Zn:—oo e

with x replaced by %from lemma (6.14) we have

0D W) = Titemer (T ) € (22)) €

2 .
nemwx  2mimn
+ 5=

=31 Am) T2 e @

then by theorem (6.15)

—(n+%)2nq/x

= Tt Z(m) (f—f)%z;'fz_w e

a\z _ ~(ng+m)?Z=
= (2 2l 7m) Ti e =

let I = nq + m then
: W 7
© v © -(D*—= L
= (O £pe 2O Specwe V= (P ue D)

TP = (2 v (6.6)

X

Now, we will spilt the integral (6.5)
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1.1 o Lo o Lo _
(5,20 = w2 g (35) L0 = 3 702 Wk 0dx+3 [0 x T gx Tt Xdx

from (6.5) we get

N T T Ty e 6.7)

this clear there are present an everywhere analytic function of s . Also, this expression gives the
analytic continuation of L(s, y) over the whole pane. we observe that that L(s, y) is entire function

. 1 .
since F(Es) is never 0.

Now we will replace s by 1 — s and y by y in above formula we obtain:

[0 227 g 0dx + 2 2 X727 Glx, P 6.8)

1

from last formula is equal to (6.7) multiplied by since 7(x) t(}¥) = q this relation is consequence of

§A-s57) = ;TOO

Lemma (6.14) and y(—1) = 1 since implies that

(D) = T X e () = Zh_ xm) e () = Bl x(-m) e (F2) =700

hence, we have obtained the functional equation

1
N q2
§A =50 ==7¢60
we have proved in the case y(—1) = 1 we next prove the case y(—1) = —1 the previous argument

fails. since the Y (x, xy) simply vanishes. Now we change the procedure by replacing s with s + 1in
the gamma function

r G) =f trlet de
P +D)= [ 7e de

2
wesubt = 22

dt = qmnidx

s 1
nn2x

( (s+1)) f (mqu)z_ze_ a  qmn’dx
s x
= fo (ﬂnzxq‘l)i_ze g qmn?dx

X
1 S 1 n.nZ

w S 1
=f07rzznn xzzqzze a qmn’dx

then we obtain

2X

o S 1 _
7G5+ )qz zZn SF( (s+1))=f0 nxzze " 4dx
In the same way as before, when o > 1.

we add sum Y x(n)

1.1\ s.1 o S_1 -mn?Z
Gt v IXT(:S‘) F( (s + 1)) = [, x2 2<ZZ°=1nx(n)e ™ q) dx
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then,

1 .1 s 1

el 5 K (G + 1) = 76 (Sanxm e ™) dx

then,
r2)gli) Lisor (e + D) =1 E e dx (69)

—_n2X
where 1, (x, x) = X%, nx(n)e "4 whenx > 0

to prove a symmetry relation for (x, y) we use the differentiated of the theorem (6.13) with respect to
a and written y in place of x

v
21 - Zy L —n2 i
_ gooo(n + a,)e (n+a) ¥ _ 2yzmi Z?f:—oo ne " my+2mina

we are setting y = ’é and a = % we obtain

1 x . m m\2nq
2 (;_6)2 i Z?f:—oo ne—nzn(—)+2mn— s

a a= —211%2%":-00 (n + %) )%

then
X . m o4 m\2_gq
R — ) R (n+2) o () e
2(2)ni !
1 m\2_q
=-1%iye L (n+2) e ()
x2 q
3 m2 _q
=—Z1% o(n+2) e ()
x2 q
we obtain
3 2
n2n¥iomin™ = _a(ne™)’e
Yo ne nint2ming _i (%)2 e o (Tl +%) e n(n+q) p (6.10)

now using this we can now carry out a computation similar as before we have

X, . .m
—n2n5+2mn—

T (0 Y1(x, ) = Tey X(M) T oo e
from (6.9)

=1 (f_c)% et X)) T o (Tl + %) e_n(m_%)z)g{

1 3 _ m 2
= igox 3 £, 7(m) T2 o(ng + m)e ") 107

13 2
=iqzxz 31 q(1) e/

then we have

T (D) 1 (ux) = gz Py (et p) (6.11)
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now we will use symmetry relation in (6.9) we get

_1 1 1
£(s,0 = w2 DG (S (s + 1) Lis, )

we will use (6.11)

1

——f xz zzpl(x x) dx+; l?)tp(x_l,)()x P dx

this gives the analytic continuation of &(x, y) and L(s, x) to entire function. Now if we replace y by x
and s by s — 1 in above formula furthermore, using the fact when y(—-1) = —

since t(y) t(y) = —

The proof is exactly as for t(x) t(y) = —q that we have y(—m) = —y(m) we get

1

E1—570) =L (s, x)

r(x)

1

now we proved ¢(1 —s, 1) = —f(s x) inthe case y(1) = —1.

Note all the informatin in this section from [3] Davenport.
7. Zeros of the Riemann Zeta Function

As seen in the section related to the Riemann zeta function and the Euler's state for Re(s) > 1
the {(s) can be defined as an {(s) = 1'[,, - and we see that {(s) does not vanish when Re(s) > 1.

In terms of obtaining the information about the location of zeros of the {(s), we see from the functional
equation (Theorem 5.11) of {(s) that

1-s

()i =7 ()9

therefore,
Tz r(ﬁ)(u—s)
() =—"F—
r3)
let for Re(s) < 0 we observe that:
0] % isequal zeroats = —2,—4,—6,....
2
(ii) the {(s) is not equal to zeroats = 0

(iii) r G) has no zeros.

since the zero of —— cancels the pole of {(1 — s) these are called the trivial zeros. Also, the {(s) in
2
0 < Re(s) < 1 has infinitely many non trivial zeros is called critical strip and the real part of every

zero of {(s) is equal %

Theorem 7.1. the {(s) has infinite number of zeros in the critical strip
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The above-mentioned information we take from Karatsuba [14], Stein [4] and Bateman [20].
Following this, the next theorems and lemmas in this section are taken from Stein [4].

Theorem 7.2. the only zeros of the Riemann zeta function are at negative even integers
—2,—4,—6,....if the zeros are outside the strip 0 < Re(s) < 1.

Theorem 7.3. {(s) has no zeros on the line Re(s) = 1

Note: from Theorem (7.3) we can observe the following: we know that the Riemann zeta function has
a pole at s = 1 and there are no zeros in the neighbourhood of the point s = 1.

However, we want is the deeper property that {(1 + it) # 0, t€R.
Before proofing the theorem (7.3) we need present certain properties:

Lemma 7.4. let

10g4(s) = Spm’ = E51can™ 6y 20
where Re(s) > 1
Lemma 7.5. Let
34+ 4cos0 +cos20=0, 6 €R
from the simple observation this follow
3+4cos B +cos20=2(1+ cos )
Corollary 7.6. [4]
let
log|t3(0) {*(o + it) {(c + 2it)] = 0
where ¢ > 1 and t is real.
Proof.let s = ¢ + it and we have
Re(n™) = Re(e'("”t)log") = e~ 9198 cos(t logn) = n~? cos(t logn)
therefore, we see
log|?3(0) {*(o + it) {(o + 2it)|
which gives,
= 3log|{(o)| + 4log|{(c + it)| + log|{ (o + 2it)]
Now,
= 3Re[log{(o)]d + 4Re[log {(c + it)] + Re[log {(c + 2it)]

from the lemma (7.5) we have
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Yc,n"? (3+4cos 6, + cos 26,)

where 6,, = tlogn The positively follows from lemma (7.5) and we see that ¢, = 0. Now we can finish
the proof of our theorem, which comes we take the proof from [4] (p.g. 187)

In proving the theorem (7.3)

we assume that {(1 + it,) =0 for some t, # 0 since the Riemann zeta function is analytic at
1 + it, it should vanish at least to order 1 at this point.

hence, for some constant € > 0 let
[C(c + it0)|* < C(o — 1)* asc - 1

In addition,

we know that s = 1 is simple pole for the Riemann zeta function, for some constant ¢’ > 0 we have
@I < C'(c - 17 asoc - 1

lastly, since the Riemann zeta function is analytic at the points ¢ + 2it,, for o goes to 1 then the
quantity |(o¢ + 2it,)| remains bounded. Now we will put these facts together.

we obtain
[23(0) (*(o + it) (o + 2it)| >0 as 0 - 1

Now, from the corollary (7.6) we observe the logarithm of real numbers between 0 and 1 is negative.
Hence,

The {(s) has no zero on the real line Re(s) = 1

Theorem 7.7. [19] (theorem 3) If p,, are the non trivial zeros of the Riemann zeta function and B is
an absolute constant. Then we have

)+ e () + Bo

S—pn Pn s+2n 2n

(’(5) _ 1 )
) s—1 + anl(

Corollary 7.8. [19] (corollary 2) The zeros of {(s) in the critical strip are distributed symmetrically
with respect to the lines Re(s) = % and Im(s) = 0.

Theorem 7.9. [19] (theorem 4)

We have
0 1
anlm <c lOgT
where if p, =8, + iy,, n = 1,2,3...... be non trivial zeros of the Riemann zeta function and if

T = 2.
Remark 7.10. [18]

From the functional equation (Theorem 5.12)

{(s) = 2575 sin (?) Il -s)l(1-s)
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taking s = —2k
then
{(=2k) = 272k~ 21 ginm(—k) T(1 + 2k) {(1 + 2k)
from I'(1 + 2k) = 2k! we have
=272kt~ 2*1sinmk ¢(1+2k) =0
then {(—2k) = 0 for k =1,2,3....is called trivial zero of {(s).

the same in
{(1—s) =2(2m)~°T(s) cos (?) (s)

we taking s = 2k + 1 where k = 1,2,3..... then the factor cos (?) is vanishing and we obtained
{(—2n) = 0 is called trivial zero of the Riemann zeta function.

7.1 The Infinite Products for §(s) and &(s, X)

7.1.1 The infinite products for §(s)

We have defined

£ =356 = D21 (5)¢0)

this function is an entire function which satisfies £(1 —s) = &(s) and the zeros of entire function is
located in the open critical strip, {0 < ¢ < 1}, indeed these zeros are placed symmetrically with

respect to the real axis and with respect to the central line ¢ = % .

We shall apply the Weierstrass factorization theorem to &(s). Following this, we can determine the
order of £(s). In this section, the theorems and propositions are taken from [3]

Proposition 7.11. When |s| is large let |E(s)| < eClsIdlsl for some constant ¢ > 0 furthermore,
there exists no any choice of ¢; > 0 such that,

€(s)10(e) as |s| = oo
then |€(s)| has order 1

The next sequence of theorems, lemma and proposition gathers necessary ingredients for proposition
(7.112)

Theorem 7.12. The Weierstrass factorization theorem: let f(z) be an entire function with f(0) # 0
and f has finite order p > 0 and let all zeros of fis z;,z,.........

then, there is a polynomial g(z) of degree < p such that

f(z) =e9® H"{(l_i)exP(i+%(i)z+---+%(i)k>}

if k € Z satisfying 0 <k < pand Y,|z,| 7% < o there exist at least one such k.
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Lemma 7.13. let

B —y-lowm (Y

r(z) z+n n

where the sum is absolutely convergent for every z € C\0,—-1, -2.....
Theorem 7.14. (Stirling’s formula)
We have

loglr(z) = (z —i) logz—z+logV2mr + 0(|z|™Y), €> 0
forall zwith |[z] > 1 and |arg z| < T —€.

Proposition 7.15. If 0 < § < 1

we have

[((s)] <logt , Vo=1,t=>2
and

') « (ogt)> , Vo=1,t=2
and

()| <at!™®, Vo=6§,t=1

Now we will proof proposition (7.11) since by the functional equation §(1 — s) = &(s)
it suffices to prove

|€(s)| < eClstogls| when o = R(s) > 1
clearly,

1
~s(s — Dn2*|eCill  when [s] is large

by the Stirling’s formula theorem which is applicable since
—%7T<arg (%s)< %n because of 02%> 0
this gives

1 .
|F (?s)|< eCzlslloglsl  \when |s| is large

1
Lastly, by the proposition (7.15) we see that {(s) « |tz for all s with ¢ >% and the Riemann zeta

function is bounded in the half plane {¢ > 2}, since |{(s)| < X5, n"? whem o 2% and |s| is large ,
hence

()] < sl
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Now, |{(s)| < eCls!eglsl follow by multiplying our three bounds.

Now to prove that |&(x)| O(eCﬂS') cannot holds as |s| goes to « it suffices to look real s tending to
oo by Stirling’s formula we have {(s) — 1 for such s while log I'(s) s logs

Corollary 7.16. [7] The Riemann zeta function has infinity many zero where 0 < Re(s) <1
Proof. The zero of the Riemann zeta function in the stated region are exactly those of £(s) then the
&(s) would be polynomial and has order zero. If there were finitely zeros. which is not the case. The

next corollary are taken from [3] (p. g. 80) and [14] (p. 9. 57).

Corollary 7.17. we have the formula
§(s) = e P Iy (1 - %) er A, B are constant (7.1)

if £(s) has infinitely of zeros p;, p5,......... such that 0 < Re(s) < 1these have Y |pn|"1~¢ converges
for any e > 0 and Y, |pn| ! diverges. the zeros of £(s) are the nontrivial zeros of the Riemann zeta
function {(s)

Proof . the zeros of entire function are the non-trivial zeros of the Riemann zeta function for in
£s) = 256 — D2 (2s)¢(s) (72)
2 2 '

the trivial zeros of {(s) are cancelled by simple poles of I G) and ésl" G s) has no zeros and the zero
(s — 1) is cancelled by the pole of the Riemann zeta function {(s). Hence, the Riemann zeta function
has infinitely of non-trivial zero p in 0 < p < 1 the critical strip. the product formula

£) = eI (1-2) er

!
leads to an expression of% as sum of partial fractions and logarithmic differentiation of (7.1) we get

¥ _ t oLt
E(s)_B"'ZP(s—p"’p) (7.3)

now we write (7.2) in the form

-1 1 -1 1 -1

Us) = Gs) (s — D) tr2°T Gs) is)=(s — 1) tn?* FGS + 1) £(s) (7.4)
we take log logarithmic derivative of (7.4) we get

Yo _ 1 1 1) g

is)  s-1 + 2 logm 2 I"(%s+1) &(s)

then we will combine the last formula with (7.3) we obtain

¢ _ 1 1) 11
((S)_B S—1+210g7r 2r(§s+1)+2p(5—p+p) (7.5)

the formula show the pole of {(s) at s = 1 and the non-trivial zeros at s = p . The trivial zeros at
s = —2,—4.... are include in the gamma term.

sine, by the Weierstrass formula
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sr(s)

we have
10" (35+1) 1 1 o 1 1
T2 r(Gs+1) 2V +E+Z”:1(s+2+2n_5) (7.6)
1 o 1 1
- EV +Zn=1(s+2n _Z)
!

the representation of £ i (7.5) will be essential for much of the later work on the Riemann zeta

_ 3(s)
function.

The A and B is constant and it not very important can be evaluated. by the formula (7.2) notice that

) =limgy s(s = D a2 1 (2) ()
= % n_% r (%) limg_,, (s — 1) (s)
i) -2

therefore, £(0) = % and e4 = % by (7.1) to evaluate B we have

B_E(O)_ €]

T E0) (1)

from the funcunal equation &(s) = &(s — 1) and (7.3) and by (7.2) we have

¥ _ U, 1 1 1 (s+1)
O ©) +S—1 ZIOgT[ + 2 r(%s+1) (7.7)
now, we have from (7.6) and the series for log 2 that
16 1 e (L1 1) _1
—;r(;)—EV‘Znﬂ(Mn—z)—;V—l“ogz (7.8)
since,
o (D"
Xn=1 = —log2

we combined (7.8) in (7.7) this gives

{ONIE (ORI U POV NP
€9 ~ 1) 1 208T g7 t1-log2

thus

—_¥w _1 1 —1
=% ~z7 1+210g4rt limg_,,

g'(s) 1 ]
{(s) s-1

Now, we calculate the limit
() == —s [, (x—[xDx~" dx

then {(s) = =~ s I(s) where I(s) = [;"(x — [x])x™"""dx
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where [x] is integral part
then
I(s)—f (x — [xDx~5tdx
=fzﬂd + [ S dx +f4"x;23dx+---
= [ (———)d +f( )dx+f4(1—i)dx+---
(S 2ax +f31dx+f“1dx)—(f Sdx+2 [} Zdx+3 [ Sdx....)
th_)oo [f Ly — ZN fn+1 dx

x2

Now,

1) = [ — [xDx~2dx

= limy_ |logN + YNZ i

1 )
1

|
limy— (-]
(

= limy_ (logN + ¥N_; —+ 1)—1—)/

1
1n
-1
1n

ogN + YN-

so that

U) |, 1) _ 4
1lmm{c()+:}_1 I(1)

Then

B=L—1+log4r—(1—-(1-V))

=Y_ 1 -
=3 1+210g4n y

hence,

B=_—y—1+llog4n
2 2

for B we can give different interpretation. Although, Y |p|™! is diverges series. Y p~! is converges

series, as long as one groups together the terms from p and p.

Furthermore, if p = 8 + iy then

1 1 1 1
-+-= — + -

p p  Briv PB+iy
B+iy+B+iy _ 2B 2

= <=
BZ +y? B*+y? T |pl?
we know that the series Y |p|™2 converges.

It follows from the functional equation for £(s) = &(1 — s) and from (7.3) we obtain

B+ 3 (o +s)= —B (5 +2)

1-s=p p p

and the terms cancelthe 1 —s—pands —p

since if the zeros is p thensois 1 —p thus B = — Zp% =-2 Zy>oﬁ since
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B =~ —0.023 from this can be seen |y| > 6 for all zeros.
7.1.2 The infinite products for §(s, x)

Next we apply similar study to the Dirichlet L-function let y be primitive character to the modulo g and
we have defined

1,1
2

60 = (27 (55 +3a) L0

wherea =0 if x(-1)=1
a=1if x(-1)=-1

and (s, y) is entire function the zeros of (s, x) are all situated in the critical strip {0 < ¢ < 1} and no
zero at s = 0 or s = 1. these zeros coincide with non-trivial zeros of L(s, X)

we have

E1 -5 =

a

1
i%q2
prtiCPY
2 L
i“qz2] .
™ is equal 1

where

Theorem 7.18. (s, y) is entire function has an infinity of zeros say py, p5...... such that
Y |pn|"17¢ converges for any £ > 0 but Y |p,|™ diverges. furthermore, there exist constant

A = A(x), B = B(x) such that,

§(s.00 = e 4B [T (1 - =) ebn

EI(SJ() oo 1 1
—~ =B+ — +—
§(s.0) Zn=1 (s—pn pn)

This section will take from [3].

8. ZERO FREE REGION FOR THE RIEMANN ZETA FUNCTION

The final part of this dissertation involves application of the Riemann zeta function. This section will
put forth the theorem of zero free region on {(s) and L(s, ). This section will prove the zero free
region on the Riemann zeta function, although the theorem of zero free region on L(s, y) will not be
proved here. The aforementioned proof is available in [3] ( p.g. 88). Note that we take the information
in this section from [3].

In 1896 Hadamard and de la Vallee Poussin proved that {(s) # 0 on o = 1. This was the fundamental
step in proving the prime number theorem. This step remains vital in all subsequence proofs until in
1948 when Selberg and Erdos discovered of elementary proof.

Foro > 1, we have
log {(s) = XpXmerm ™ p M7 g itmI0gP (8.1)

If the Riemann zeta function had zero at 1 + it then from the right in formula (8.1)
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Re log {(a + it) would tend to —oo as o — 1. this indicate that the numbers cos(tm log p) would be
negative. Therefore, the numbers cos(2tm log p) we should expect it to be predominantly positive and
would contradict the fact that Re log {(¢ + 2it) keep bounded above as g — 1.

Theorem 8.1. There exist a constant which is greater than zero such that {(s) has no zero in the
region

c
log(|t| +2)

oc<1-
Proof. From lemma (7.5) we have

3+4cos8+20=0 (8.2)
the left side is equal 2(1 + cos8)?.
Now we apply to

Re log §(s) = B Ziney m™'p™™ cos(t log p™)
we replace tto 0, t, 2t in succession, its gives

3log {(0) + 4Relog((c + it) + Relog((c + 2it) = 0
then we obtain

3(0) |¢* (o +it) {(o + 2it)] = 1
therefore, we can make a sharper argumentation since we want to access the infinite product formula

!
for the Riemann zeta function. With this in mind, it is more convenient to work with i((ss)) than with

log {(s). This is because the analytic continuation of the latter to the left of o s equal 1 is clearly
difficult. Since,

(’(5) — _\'® -
O S A

Thus

—Re % =—Yr_ 1 A(n)n77 cos(tlogn)

for o > 1. Hence using (8.2)

¢'(0) _p_ ¢ (a+it) _p_ ¢ (g+2it)
3 [c(a) ] + 4[ Re Y(o+it) ] + [ Re {(o+2it) ] 20 (8.3)

for o goes to 1 the behavior of —% from the right presents no difficulty. Since —% has simple
pole of {(s) at ¢ = 1 with residue 1.

We have

R4
70) < +A

near o = 1 the behavior of the other two functions is clearly significantly affected by any zero that the
Riemann zeta function may have just to the left of ¢ is equal 1, at height near to t and 2t.
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This effect is rendered clear by the formula from (7.5)

_(’(5)___ 1 1F(S+1) 1
T = B jler 2 T(Esv1). -2,(5+7)

Here the Gamma I term is bounded by Alogtift>2and1 <o < 2.

Therefore, in this region

—Re i((s)<Alog ZpRe(—+ )

ifwewrtep=8+iy (0 < p<1) y€eR then

1 o— 1
—Re— = BZ and Re-=—
s=p  Is—pl P ol

we obtain when s = o + 2it

¢! (o+2it)

U(o+2it) <4 logt

As regard s = o + 2it if we choose t to coincide with the imaginary part y of a zero g + iy withy > 2
from the sum now we take the one term ﬁ which corresponds to the zero

' (o+it)
{(g+it)

1
<A lOgt—ﬁ

now we are replacing our upper bounds in (8.3).

we get

3
o—f < :‘FAIOgt

now we are taking g =1+ 6 log t where § > 0

then
3
- 5 +Alogt
Uogr = g1
4
1+— - B>
+logt ﬂ 6 +Alogt
1+logt 1
5 5
B<1+—-— :

logt (3+46)logt

we make the choice §, in the order to obtain positive numinator the last expression in the last
expression. These yields

ﬂ<1+@

thus, we have proved that there exists a positive numerical constant ¢ such that the Riemann zeta
function does not have any zero in the region
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c

c=>1-—

,t=2
logt

Finally, the Riemann zeta function has no zero arbitrarily near ¢ = 1 with |t| < 2.

As such we can say there exists ¢ greater than zero meaning that {(s) does not have any zero in the
region

c=>1

-_°c
log(|t|+2)
8.1 Zero Free Regions for L(s, X)
Theorem 8.2. [3] (p.g.93)
There exist a absolute constant ¢ > 0 such that if y is complex character modulo gq.

Then L(s, y) does not has any zero in the region

c

" logqlt
o> ocgql |

h logq

if lt| =1
N
if lt| <1

If x is real non principal character, then L(s, y) has at most a single (simple) real zero.

9. CONCLUSION (1 - s) = 2(2m)"°T(s) cos (Z) {(s)

The Riemann zeta function is one of the oldest
functions in mathematics. It has a long history for
this function and there are many studies about B rms
this function. Over the duration of this ¢(s) = 2(2m)*"'T(1 = 5) sin (7) ¢ —5s)
dissertation of concerning the Riemann zeta

function, we have seen the significant aspect of  The Dirichlet L- function has been discussed and
the Riemann zeta function, including its we have concluded that this can be analytically
analytic continuation, functional equation and continued, and the functional equation is
application. we will now review the information obtained by using methods similar to the
presented. This dissertation has presented Riemann zeta function. Moreover, the zero of
the historical background of the Riemann {(s) has been considered, in particular the trivial
zeta function. In additon, we proved zero and the critical strip; we proved {(s) does
some properties of the Riemann zeta function not has zero when Re(s) > 1 and the application
such as: was then presented.

equivalently,

1) X,.8,(s) =7(s) —S_Ll is analytic where Overall, it appears in this dissertation, there are

Re(s) > 0. many parts on the analytic continued of {(s)
_eN L NSOo1o o o p(u) which are still to be considered. Moreover, a
2) < _Z"=1ns+ s—1 zN +st u5+1du number of important limitations need be

is analytic where Re(s) >0 . Then, we considered that the Riemann hypothesis.
considered the functional equation of {(s).

Firstly, we proved this equation depend on COMPETING INTERESTS
the gamma and theta functions, and that

the {(s) satisfies the functional equation Author has declared that no competing interests

s s exist.
2T (g) {()=n"=z ()¢ -s)
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